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A not”!’ l(‘n \'rar.s :i'^o I :i cuiirMr of Irct invs on 'rri;,r<inntiiot ric Scrirs, 

Follow in;-: (>lo:.(‘lv ih<‘ trratinout of lhat Milijot*!. in K* i.onainr.n •* Pnrtiollo 
1 >inVron{ i:il«'.loiohun!;'(‘!u" {o afr{>uip;iii\ n short <M)ur.sr on 'I'ln' iN»trT>tial 
l''uiicl it »n, ;';i\ t'ii hv l*ro{Vs:;or Ih (h l*»'in*o. 

My oourr.o has. horn I'jratlually nnHlilird atul t‘xtout{oti until it has lu-ooiuo an 
inl.rotlut't i«»n tu Sphorica! Haniioiur:; ami no.'.sors anti I .anio's hMucf ioti;.. 

'Two years a;:*) luy loofuro iiotos wcrr* litluipraplnMl hy luy olass lor tlnhr 
own list* ainl wort* touinl ..«► ottn\oniriit tlial I ha\o proparoii flioui Fta* 
puhl ioat ion, hopinp that thoy may prti\»‘ UM‘!'nl to ttflnu's as wt*il a-, to mv 
own stinitmls. Moanwhilo, Prthos-.ur Poiroo inr. pnhh..hoil his looturos t>n 
“'i'ln* No\\{<»nian Ptttonlial hhimlion" i lio*.huu tiinu A ('o. i. an<l t ho twtj 
sot.s of looturos iorni a otuirst* c. Matin Ph yivfti ro*pilarly at Harvartl. and 
iut.taidod as a partial iii! rtniuot itui tci niodorit M at lioinat loal Phvraos. 

Studi'iit;. takin:t thi.s o.iur's* an* stippto.tsl ftt ho familiar with so miioli of tlio 
inliiiito.siinal (‘ahmins as t; oonfainotl in my “ Ihthvroiitiai Palouln.P" iPtoifttn, 
(linn ('<».) ami iny “lnto;p\al ('altuilus” nstaamd tsIifiMin saim* pnhh horsi, 
to whioh I rotor in tho pro:,.out hook as “ihf. (a!/’ and “hit. i’al.” Iloro, 
as in tlio -Palonins," I r.poak of a dori vat i vo ” rathor than a ** iii If rrtnii ial 

oootlioioni and m.o tho in>!atii>n I insltsirl td lor ‘“part i.tl d«*ri\a!no witli 

(Xr 

rospoot ttt a'.'* 

'rin* ot mr.a* u a’; at hrst.as I havo .•sud, an oxpt»sif ion ttf Pioinaiuds ‘’Ikirfitdlo 
1 tifforont ialvdoiohiupa'oii/' In oxfondina it, I tirow lanpd\- I'rtmi !*'orror’s 
“Splioritstl llarmonios'’ ami floniols “ K inn-U ii not i* moin” ami vva*. .snui-what 
indohtotl to 'rodhnnlor i •* Punot i< ms of Papiaoo, Po-:s.*-l, ami I. aim*”*, L.ird 
Pa\}oiph r‘'I’lH*ory td' Soiimi'M, am! Forsyth f “ I htloront ial IPpmf ion 

In proparimp tin' m*tos for puhliisition, I ha\ o Iwvii itroati\ aidod U\ tlso 
i-rit ioisnis ami imis- <‘1 ni\ ts.l hsu'sn's, Proto?.:, nr Ik (f i*oiroo and I hs 

Maximo phohor, and tin* latlor has kindly otm! rihutoti tlio hiiot histiudoal 
skottdi ocmtaiuod in (’haptor IX. 
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CIIAPTKR I 


INTU()I)1'(TI()N. 


1. In many iminnlant in matlamuitiaal phynicH wn arn n!)lig<Ml 

tnclt'al with iHirfhtl of a (‘omparativrly nimph* form, 

Fca* oxiunpUs in tin* Analytical '1'lnMn‘y of Ilt'at wt* lmvt» for tln^ (‘hanger of 
tomp«n‘atnro of any nolid dm* to tin* How of ln‘at within tlu^ Bolid, tln^ cH|uation 

f ir^n + [i] 

w!n*ro H rt*pt*oHontH tin* t«*mporatnn* at any point <d’ tin* nolit! and t tim timo. 

In tin* Himph*Ht vim% that (d* a nlah of infinite extt*!it with parallel piano 
fact*i4» wlion* tin* tninpi*rattu*t* can 1 h* rcgarthal m a functitm of ont^ {'odrdinatn, 
[ij rt‘tlnccH tti 

/V/ [ii] 


a ftnaii of iMUiHidcrablc importance* h\ tin* connidcration <d' the prohitnn of the 
c*ooling of tin* curtldn crtiHt. 

In tin* problem of tin* permanent Htate of tempt'raiureH in a thin iwtangular 
pliit*', the ia|naiion ( t j beeonn^H 

t). [in] 

In pi/ar i»r nphrnml mi'initiHttiH [i J in b*HH Hiinpli*, it in 




/*rtce,«)+ ■ [jv] 


In the eiwe where tln^ mdid in fpieHtion \h a Hpht*ri* and the t;em|Mvrature 
at any jioint elepeinb merely e»n the diatunce of the {Hnnt frtna the centre 

[,VJ mllHM.H to [V] 

III njiimirmii rtwn/iaa^eM [i] lM*eomeH 
/i^ii » fK 

III eoiiMiileriiig the flow of heat in a eyliiider when the teiiija* rat lire at 
liny jaiitit di^jaanb merely i»i 4 tln^ dintanee r of the jMiint frcim tlie ii.xi« 


[¥i] lM*eotiii*ii 


I 

II as II -{- - u) . 




* For till* «i.kit of lipwily wi* iihall «»ften uni* ill*’* nyiiilM*! for ilie I)/ + B-/ + 1),'^; 

ami witli ilita iiiitiitliiii It} would \w written DfU — ii. 



-2 


XNTIIODIUTION. 


[Aiij. ! 


In Acoustics in several problems we Iiavc^ tlu^ equation 

for instance, in considering tlio transvcu’si* or tin* Icmgit iniinal vibratinjr^i nf a 
stretched elastic string, or the transnii.s.sion of plain* sound uavrs tlnouidi 
the air. 

If in considering the transverse vibraticuhs <ir a .sfnielu-d Mtiiaij w<* i.jln 
account of the resistance of tlu^ air [van j i.s replaeecl Ity 

In dealing with the vibrations of a stn'tehed (dastie laeuibraiio, ui- fUr 
equation 

^ ■ 

or in cylindrical colMmatvs 


Ill the theory of Fotentlnl- W(s (■onstaiitly iiici-l, I.;i|ihu'<'’H 

/I//--!- /i/;- .. 0 

or V-/' = 0 

which in ^herical coordimitrs beeduu'!! 

4- 1,11 - ‘I 

and in cylindrical emrdinaics 

jy^l />^r+ 1)^' -f /PT , 0^ 

In curoilmear coordinate it* is 

{I'k U'X "... I ) I 

f = ih , ./a . I 

represent a set of surl'ams which cut cue aiu.ih.n' ul rn-ht lu,-!.-. 
what values are given to p, , p,, and mid w|„.,v 

V = a>^inf + { ,'j ,| , /i^ , J 

V== (/>j,p.4)''*+ ( 

and, of course, must bo expressed in terms ,d' . and 

If It happens that Wi = 0 W ^ »., t v/j .. • 

Equation [XV] assumes the very simplc'f.,r,„’ ' 

V + /,./ r -f A4V1 » r == 0, 


( i 


lioif f*'r 


!"■! 
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VAnriWhAU SOLtlTlONS. 


e? 


2. A diffrrnt fieri reptfifieen is uu (‘quation <‘<)atainia|j; darivativos or didVrtai- 
iialH with or wiilnait tin* priiuiiivt* vjiriahl<\s from wliicdi th(‘y am dimvinl 

Tlu' (jeiirretl HteluihiH of a (HlTonaitial (*(|uatioii is iht‘ t‘(juation (‘xprassin^i^; tla^ 
most gou<*ral roiation haiwoiai ila* priniitivt* variahh's whic'li is {*oiisist(‘nt with 
tlH‘ Kivoii diflVnadial tn|uation and which do(‘H not involve*. (liHVn*ntiaLs or 
d»‘rivativcs. A Koncrul solution will always contain etrhitntrf/ {J, nwdaiav- 
mined) t'tiiisfn eifs or etrlfifretrt/ fioieiiiuts, 

A pftrih'ifi^tr stihtfiitN of a dincrt*ntial t'qnution is a n*la.tion hctwc(*n tla* 
primitive variables which is consisUnd. with tin* jijive'n diilen'iitial t*quation, 
Imt which is less ^a'*a*ral thait the j^cm'ral solution, althoiiKdi inclmh‘d in it. 

ddieoret icall V , every particular *solutitm can In* ohtaim‘el from tin* j^eneral 
solution by suh.Htitut inj^: in the g<»nera! stdution partiimlar valin*s for the urbi- 
trary constatits or particular functitms ber the arbitrary functions; but in 
practice it is td ten easy to obtain part icidar st»lut ions elirectly from the dillcr- 
entiul ecpiation when it wtndd be diilleult (»r iiu possible* to ethtuin tin* f((‘nt*ral 
Holut ion, 

It. If a problem refpuring for its sedution tin* solvini^* td' a. ditlerential e*qua" 
tion is iirfrrituiifffe'i there nniMt always be give*n in udditiim \i> the diiiVrential 
eipmtioti eiiotiub <mt!dile cotnbtiou.s for the <lett‘rminat itm of all the arbitrary 
eojedanlH or arbdrar\ tunetion.H that enter into tin* solutioji of the 

equatiem; ami in dealing with .^ueli a pridde*ni. if the tlillerenfial equatioti can 
be readily .sttUed tin* uatiiral method of proeednre is to editam its general 
HtiluttfUi, ami tln*u to tlediumiine the eonsfants t»r tuuetious by tin* aid of the 
given eouditiolOe 

It often liappeiiM, however, that the g«*m’ral sedutitui of tin* tiitferent ial eqna^ 
lion in qne^dion eanind be obtained, and fhetn.sinee the problem //’ ^/e/e/vz^/we/e 
will !«* holvei! it by any meairn a s<dntion of thi* »*«pia(itm ean be bmnd whieh 
will also satisf)' tin* given outside eomlitions, it is wjuih while t«» try ff» get 
ptf rfieaiiiii' HteiufiftHM jtiid .so to eombiiM* thi’iii US to form a result w liitdi shall 
saftsfy the given *’om!itions witliout eeasiiig tt» saiisty tin* diUVreiit ial i*quati<»n. 

4, A iliftVrf*nt ml equation is liarttr when it wanild he of the first degrei* if’ 
the di'peinhiit variulde and all it.s derivatives wer«* regartleil as algebraie 
uiiliiiowii ipiaiit If If It is linear ami eoniaiits no tmaii wliieh do«*s not 

iinitlve the depeinlciit Variable or one Ilf its derivatives* it. is saiil to !«♦ iiartir 
am I iiniinttjrHruuH. 

All the ilitferi'iil ml eipialions eidleete*! in Art. I are linear ainl honn>gene«iUH. 

A, If If tif ihi'- tifprtitit'iii /fos i*rrn fttitati tt^hirb #i 

/i#o«#e/eiir'ieis, fb*' prnthiti /i#/ 

iittf fliiM /e/ it tl If lit nul! tllH** /#e tt Cif/fl#’ q/’ ///C / l*ti titilili’ 

trhii'h mtlisf)i fht" nfttttfiifn. 
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E.ECTANGUL.AE PLATE. 


We shall hegin by getting a particular solution of [in], and we shall use 
a device which always succeeds when the equation is linear and ’ho'm.ogermym 
and has co7istant coefficients. 

Assume* u — where a and ^ are constants, substitute in [rn] and 

divide by and we have + p^ — 0. If, then, this condition is satis- 
fied u — is a solution. 

Hence to — ^ is a solution of [in], no matter what value may be 

given to a. 

This form is objectionable, since it involves an imaginary. We can, how- 
ever, readily improve it. 

Take u = a solution of [iii], and u = another solution 

of [in]; add these values of u and divide the sum by 2 and we have 
e^'^eo^ax. (v. Int Cal. Art. 35, [1].) Therefore by Art. 5 

u = cos ax (5) 

is a solution of [m]. Take and subtract the 

second value of u from the first and divide by 2i and we have sin ax, 
(v. Int. Cal. Art. 85, [2]). Therefore by Art. 5 

u — sin ax (6) 

is a solution of [in]. 

Let us now see if out of these particular solutions we can build up a solu- 
tion which will satisfy the conditions (1), (2), (8), and (4). 

Consider u = e®®' sin ax . (6) 

It is zero when ai = 0 for all values of a. It is zero when x =z tt if a is a 

whole number. It is zero when ?/ = oo if a is negative. If, then, we write 

10 equal to a sum of terms of the form sin mx, where ni is a positive 

integer, we shall have a solution of [in] which satisfies conditions (1), (2) 
and (3). Let this solution be 

u — Ai6'~y sin X -[ sin 2x + sin 3x sin 4a: d — * (7) 

Ai, A 2 , Ag, A4, &c., being undetermined constants. 

When ?/ = 0 (7) reduces to 

u =Ai sin X + A 2 sin 2x •+ A^ sin 3a: +• A4 sin 4^^ -f • * • . (8) 

If now it is possible to develop unity into a series of the form (8), our 

problem is solved; we have only to substitnte the coefficients of that seric^s for 
Ai, As, Ag, &c. in (7). 

* This assumption must be regarded as purely tentative. It must be tested by substi- 
tuting in the equation, and is justified if it le ads to a solution, 
t We shall regularly use the symbol i for 'A — 1. 
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As in tha last problem let* and substitute in [vni]. Divide 

hy + ^ and we have m the condition that our assumed value of 

?/ sliall satisfy the iMpiation. 

is, then, a solution of (viii) whatever tlie value of a. 

It is more eonvtmient to have a trigtmonndrit^ than an exponential form to 
deal witli, aiul we eiui readily obtain om‘ by usiiigan imaginary value for a in (!>). 
!(epla<‘t» a al and (5) beeomes // ™ solution of [viu]. Et 4 )la(‘e 

a by — a/ ami (H) Is^eomeH // = e another solution of [vin]. Add 
them* vaUu*H of // and divide by 2 and we have eos a(x ± at), Huhtra<»t the 
iecaiml value of // from tin* first ami dividt* by 21 and wa have sin a(x, ± at), 

1 / ^ ecm a(*r + ttt) 
tj (am a{>r — at) 

If ^ sin a(»r -f- at) 

If sin a(.r — at) 

are, then, solutions id* [vin]. Writing // sueecmsively efpial to half the sum 
of tlif* first pair td’ values, luilf their differtmms half the sum of the bwt 
pair <d’ valutm, and half their difTt^nuu^e, we get the very convenient particular 
solutions a! [vui], 

y eoH ax (»os aat 
if sin ax sin aat 

if sin ax cort aat 
if ^ eos ax sill aat. 

If we take the third form 

if zrsz sin ax vm aat 


it will satisfy ecinditioim (t) and (4), no matter what value may \m given to 
«, and it mull satisfy (2) if a ^^%vhere m is an integer. 

If then m*e taki* 


. wx 
sill erm 


rrat 


where A|t A-j, A,i • * • are undet»*ntiim*d eonstants, we shall have a solution of 
[viu] whlelt iiitistlim (I), (2b ami (4). Wlien t =» il It reduees to 


, , wx , , , 2wx , . . dmr 

/fi sin -y- + At - ^ ’ 4* Ag sin + 


( 7 ) 


If tmw it iH jMmHiiili* to /(.r) into u of th« form (7), we eim 

dolvit «mr jiroliloiu i-oinplctoly. We luivi* only to take the em'flleients of this 
aerii'H a» vnlueH of A,. A,, A, . . . in («). atul we shall liave a solutioa of 
[viii} which «atiatie« all our given contlitionH. 


♦ Hi»e fiiiie tm 5. 
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roTKNTIAL DUIC TO WIUE RING. 


Divide by r'" and ns(‘ tin* notation of ordinary dcrivativoB sinco F deptnnlB 
upon B only, and we have the (‘((nation 

/ . 

_i_ t . I_ ' V / _ A 


/»(« + 1) + ^ ' = 0 , (a) 

from whieh t.o oht.ain P, 

K((uation {l\) ean Im* simplifitMl by changing th(‘ imh'jxnuhmt varia.ble. I-fCt 
X — e<w B and (d) l)(‘('om(‘.s 


(I — - - I- /;/ (///+! ) /*• 0. 

L J 


AHsuiUi* ^ !mw (hat I* can la* (‘xpri^ssed as a sum <»r as a SiU’ies of tmans 
involving wholt* powm’s of x !nnltipli(‘d by eonstnnt eo(‘tru*i(*ni.s. 

Lt»t /Vr:: and substitute this value of P in ( IK Wt* g('t 

V [ //(// ' I //(// }- 1 (- iN{t/i I" 1 \ U^ (a) 

wlnu’c tin* symlakl ^ indieatt’s that wt* art* to form all tin* terms wt' can by 
taking smaa'Hsivt* whoh* numlH'rs for //, 

As (oi mtist h(» trm* no matter what tin* valm* td’ x, the cocf!i(*i(»nt td' any 
givtm ptnvt'r of x, as for instauct* x^\ must vanish. Ibuns* 

(/.• -f- 2 ) ( /.• -i- • - /,■ ( /• f I ) II ^ I- III { III + I ) 'h = 0 (<») 

III {III “f” 1 1 ~ />■ ( /.' "4* 1 1 

, /. } J , ( /. A , •” "4 • (7) 

If mnv HJiV set of cot'thcients satisfying tin* rt'latitm (7) bt* iaktun /*= 
will be a soluiittn of ( I ). 

If k j y *••■■■■ {>, ^ 0, <Sfr. 

Sinet' it will answer our piU'ptwe if we pick out tla* simplt'st st't of nwttllcKuiis 
that will ttbey the e<mditit»u c7b wt* ean take a Ht*t including 
Ia‘t us rt'write |7) in the form 

fX-t LMc'/.'d I) 

"‘ («/ - /.!(/« {- /.• X 1 ) "‘+*- VI 

We get from |Hi, l»*giuniug with /r w — 2, 

W ( I/I » ' I ) 

it *«'* /# 

* " 2. c2//i — 1) 

m f m - I j ( /// •— 21 f m — 3) 


m t iti ' ' 1m Hi 2 M w M li I/I — ’ 4) (/« — H) 

2 . 4 . <». c 2 /#i — I M 2 iii ***“ 31 0m- ■*- A) 




* See Hole on A. 
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INTItOIHKn'ION. 


[Aim-. !I. 


If m is even we see that the set will end with , if m is othi, wit ii , 


: X^' 


m hn ~ 1) , w (w — 1) ( /// ~ L' ) | m i 

“ . i 4 . * » f 1 * » . * -i 


" 2 .( 2 m - 1 ) - 1 1 ( 2 /// - ;i i 

where is entirely arbitrary^ Is, a soluti<n( uf ( 4 ). It rM}}> 

venient to take equal to 

1 )( 2 /// -;n ‘ ‘ 1 
///! 

and it can be shown that with thin valuta of /* - I whm .r -51?^ |. 

P is a function of x and containn no lui^hor powers af x tiian If i;4 

usual to write it as P„j (x). 

We proceed to compute a fewvalm‘H of from tho birintiLt 


-Pm (^) 


(2m — 1) (2 m. — .1) * • 


7// ! 


/// 1 m 


I i 

2 .i 2 w — I I 


m (vh — .1) (m. ■— 2) (/// — 2) 


We have: 

Fq(x) = 1 


’l){ 2 m -ni 


m - i , 


(■'- 


I III, 


or /‘„(i'iiH #) ■ • i 

X(x)=x << /‘i(riw (/I r„H(f 

JP^(x) II ih ' 5 (h .« I t 

J>,(a;) = i(r,x'‘-Xr) “ ffi ■ J ....v’d ;i 

= i + ■'») or 

Ps{^) — I — 70/* -j- in.r) or | 

/' 5 (c.oh^) = iiCl! (■(>>{’•11 — Tit ••..s’f/ I 1;, , ,, , li, ' 

We have obtained /’=/’„,(/) tis u larlirttlHr s.ditt...,. ..i ,i, 

•P — /^m(cos^) as a particular Holution of (.’t). ..r /• ,,o-, m, j.. 

new function, known tis a ('iii'ffirirnt, or an a Sui f'i r // 

monte, and occurs as a normal form in many i)ni«.rtunt prol.!..,.... 

r=r’"P„((!os 0) is a iiartiimlar solntion of |2i and 
times called a Solid ^oudl 

We can now proceed to the solution of onr .iriKuml j.r.dd.-n, 

F=Ar«P„(oos 61) + . OH (?)+ .(,,r^/',„.oK fl, | t 

^lere A„ A„ A, &<>., are entiridy arliitrary. i.s a w.lnti.,,, 

When d = 0 (11) reduces to i - . \ 1 1 

K= J„ + .Ij/- + .Ij/j ^ + ■ • ■ . 

since, as we have said, I' (/) = 1 whmi r — I , .. 

Bjou, conditio., (i) '""“('-''"'•'-■■■“•'-I nl., 


lit 


;•= 




when ^ = 0. 



Chap. I.] 


ZONAL HAHMONICS, 


11 


lij the IMnomial Theorem 


_ M _ 
providtMl r < r- 


"[ 


♦> ,.!2 ” 


i.an /« 


‘Jr^^2Av* 2.4.C,^ 


+ 


] 


'■==“[/'• (<*<>« (<'"« «*) + 7! ^’4 (<■<•« ^) - mIJ; 7 /'« (‘'OH «)+■••] (1-0 

in our rc‘(|uire(l Holution if r < r; for it is a solution of (‘(piatiou ( 2 ) and satiB- 
h(*H eouditiou ( 1 ). 

ICXAMULK. 


Taking tin' iuush of the ring ns one pound and tin* radius of the ring as one 
focjt, eoinpuO* t«» two deeimal phua^s tlu^ value of tlu* pot(‘ntial ftuu'titm diu^ to 
the ring at tlu‘ points 


(") 

(r = .2, B 

0) ; 

('/) ('• 

(/.) 

/ 



h = .2, 0 


(<■) (r 

('■) 

i 

ir\ 


/ r — .2, i\ 




< 5 ' “ ; ('/) (r — .<>, fii = 0 ; 

Jim. (a) .<tS; (/-) .<»<»; (c) 1.01; {il) .8(5; 
(<■) .00; {/) 1.00; (!/) l.IO. 


Tin' unit used is tin' potential due to a pound of muss eotuamtraied at a |Hunt 
and attnu’ting a second poinid of iimss eoneentraLal at a point, tin' two points 
being a b»ot apart. 


l(t A slightly ililTerent problem ealHng for dt'vebipment in terms of Zonal 
IlarmonieH is tin* folhnving: 

I(ec|uir«‘tl tin' p«*rmaneut tcunperatures within a scdid sphere td radius 1 , 
tme luilf <d' tin' Hur fats' being kt*pt at tin* eoimtaut tt*iuperature ainl the 
other half at tin* etumtaut tempt'rature unity. 

lad UH take tin* tiiauiet 4 *r perpt*ntlieular tt» tin* plane «e|Mtrating the unei|iia!ly 
ln*atetl surfma's as our axis ninl let us use splterieal eoimlitiaies. As in the 
lust problt'iin we must stdvt* tin* ec|uation 

r/y^rii ) + 0 u = 0 [xm] Art, 1 

whitdi nil ln'fcire reduees to 

r/^/ira) + /^(sin # /;« a) — 0 (1) 

frtuii the eotwttleriiiitiii that tlie temjH»raturt*s inuHt tw* iiiiie}M*inlf*nt of 
(liir ef|«iit.ioli of eoinlitioii is 

II =: I from i ^ II t4i i ss= ^ iiinl u 0 from ^ to § -s w , (2) 
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INTROniUiTION. 


( Am. 111. 


As we have seen u = r^P^(cos $) is a particular soluticiii nf (Ik w 111*1111: 
any positive whole number; and 

^===Aor®Po(cos^)+A^Pi(GOSi9) + //2cV'8(c<w/;) + /l,i-^/*3^ IK f • * * |:ii 

where A, A? A, A — • undctormiu(‘d (•(MistautH, in a jiuliii luit .it 1 1 1. 
When r = l ( 3 ) rc^duccs to 

u = AoTo (cos &) + A J \ (cos 6 ) + A {cnn i\ in 11 1 f . . • . ^ 1 1 

If then we can develop our function of IMvhich i*nfri>i iniM j;k m 

a series of the form ( 4 ), we have only to take* tla* nicttiriiiilH mI nn ir * 

as the values of /loj/ii; &c.; in (, 1 )und we ,s}iall have «mr re.|inre«| H.liifiMii 

11 . As a last example we shall taktU.he prol>lenn»r t vihratiMn i»i 4 uirielu-K 
circular membrane fastcnuHl at the c.ircumferenets that im, m! an Mnlinar’. dunii 
head. We shall suppose the nninbrain* initially disturted inlM am 1:1 u n imim 
which has circular symmetry* about an axis ihroiKdi tim criitri’ pm iMinin iil.ir 
to the plane of the boundary, and tlnm allowm! tu vibrate. 

Here we have to solve 

'jl n 

,7)^. = (/>/^ + ^ l>i^) h 1 3 A . 1 , 1 

subject to the conditions 

^==/ 0 ’)when ||, 

D^z^O ** t - w 


From the symmetry of th(‘ Huppostnl iiiilinl distortion « lutiai Im itidnpmd 
ent of <f>j therefore [xi] redue-es to 

i>, ,,, 

and this is the equation for vvlii<-li w.- wi.sli to liu.l a i.artioular mdiHi..!.. 

We shall employ a devieo not unlike tliul. useil tu Art, ;i. 

Assume t s = lt.T where It is a fimetiou of c alone aial T ia a funelou, .,f 
t alone. Substitute this value of .« in ( 4 ) atul we get. 


or 


ii.A»7'=47’(/VA'4- ‘ l>Jt^ 

1 <M' I /,/yt , 1 

^ It\,l,^ + ,. ,/d' 


The second member of (fi) does not involve /. t!ier.'rore if^ ,.,,,,,,1 il,,, r„ ,, 
member must be independent of /. Tin, first luemlH-r of (5) dJn not un..],. 

v" 
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r, and oonseqxKmtly sinoct it. oontaiuH nnitlu^r f nor ?•, it must Iw constaat. 
it (-({ual — wlu‘n> /u of coui'mi* Ih an uiidctorniiiKid (a)nHtaut. 

Tlu ‘11 ( 5 ) breaks up into tlu'. two dilTerential (aiuatious 

<PT 

+mV-/’ = o 






Lot 


(«) 

( 7 ) 


((») rail ho aolvod hy familiar and wo jL^ot 7' ^ (*(m nin /J.H 

an .sim|dt' puriitnilar mduiiouH (v. Ini. (’ul. |>. .‘Ulh § 21). 

'I’n Htdvt* (7) in not an ouay. Wo hIuiII tirnt nimplify it hy a tdauiK^o of indo- 


|H*mlont variablo, liot 


j* 


P 3SB 

fl 


(7 ) hooomoH 


ii^i7 I iiu 

1/y^' +.r tLr 


+ /i* ^ {> . 


(H) 


AHHumo, a« in Art. 9* that 17 tain ln» ox|)rt‘HHt*tl in ttnauH of wholo |Hnrm%s t)f 
j\ Ltd* Ji and Hulwtiinit' in (K). Wi‘ got 

an lajnatioii wldoh mnni 1 h* into m» muitt‘r what tin* valut* of *r, Tho (‘otdH- 
oitmi (»f any givtm powtw of j\ uh 'K muHi, thon, vaninli, and 

k{ic — I -f* 'f it^ g « 0 
or -f ■’.. 0 

wlimioo W'o tdilidu 04 . y (tJl 

uH tla* only roliiiitm that nootl ht* HaitHiiotl hy tin* oooiHoitmtH in onh*r that 
h* '■ ahull ht' a aoltiiiou of fK). 

If A’ '■ 0 , 

Wo run thoii l«*gin witli A* ^ 0 m tutr Imvont 4HuhKi»ri|iL 


From (II) 


04.. 


*'i ■ 0 

A-' ‘ 


Ttam cii « *— 

ff. ■■ — » *®' 


IfoMOIt 


p r* if* X* 

ft — [ 1 -- 2 * ■*■ iF 5 “ + 



whi*ro r#„ limy Iftt tnkim ill pli^surts, if a saluliuu of (B)| providoil ilio norioa in 
oonvorgimt 
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INTKODUCXION. 


(■Ajii. 11. 


Take ao = l, and then R = Jo(<x') whore 

Jo (x) = 1 — 2^ + 2tr^ ““ •oTJij-i + • ( I I 

is a solution of (8). 

Jo(x) is easily sliown to be conv(‘rg(‘nt for all vaha‘H real or iuiaKioary <*l 
since the series made up of the moduli of tlu‘ toruiH cd |v. Iiit. <’aL 

4rt. 30) 

I 1 I I 

1 "i* u** ' * * > 


where r is the modulus of is couvergtuit lor all vnluoH of r. l*f»r flu* ratio 
of the ^ + 1 sf of series to tlu^ // th term m , uiiil a|i|iioa»*ln-N 

4 ir 

zero as its limit as n is indeiinitely iuereastsl, matter wluit the vahi»^ of r. 
Therefore Jq(x) is ahsolufMy romH^njvnf. 

Jo(x) is a new and important form. It is eullt‘(l n Urm-fH Funi'fi^ni of tho 
zeroth order, or a Cyllndrlml llannonk. 

Equation (8) was obtained from (7) by the sulmtif ution of x r l h, i rfMii' 


It — Jo (/^r) 




is a solution of (7), no matt(‘r what tin* value of ami 4 
or « = J'o(yar) sin/^eif is a solution of (4). 

z=:Jo{fiT)tOBfX€t satisties condition (2) whatever the valiir of la 
order that it should also satisfy comlithai (li) fi muHt lie *40 taken that 

= t) ; jlj| 

that is, fi must be a root of (11) r(‘ganled m an f*t|uafinii in 
It can be shown that f/0(,r) ss () has au iufitiife nuiiilier mI* n-iil 
roots, any one of which can be oiitained to any re<|iiir**d dearee of apprit^iiioe 
tion without serious difticulty. Let a*|, a’g* lln^pe rt«4«, llifoi if 

/Xj , '"™ — rr; ^ 

z=J^Jq r) cos /Xj et + A^Jq (/Xg r) am /Xg rf + -L *4 (>a 

where Ji, A„ &a., are any constants, is a solutitJii ot ( i) whifli witiiJ.iii-t 
conditions (2) and (3). 

When if = 0 (12) reduces to 

* =AiJ(,(fiir) + Ai,Tg(Hfr) -f AiJ„(/i,r) + ■ ■ • , j l.'ll 

If then f(r) can be expressed as a series of the htrin jint given, the Kulniinn 
of OTO problem can be obtained by substituting tho mdlieienls of tl,.,t M-rn-s 
for A„ A,, A„ &c., in (12). 



ClIAl’. I.] 


imcvmum OF methods. 


15 


Example. 

The tt^iuiH‘ratur(^ of a long (‘.ylindc'r in at first unity tlirongliont. The eonvox 
8urfac(‘ is them kv\)t, a-t tln^ constant t(‘mp(‘ratur(^ zco'o. Show that tlm tcni- 
jK‘nitiin* of any point in the, cylindin’ at tln^ expiration of the time f is 

If -=: + -'fuC'" + * * * 

wlu*rt' /ijj, &e,., art' tht‘. roots of */«(/Ar) = 0, and wlnn'e. 

€ being tiu* ra-dins of tlu^ <ylitider. 

12. Each of tlu‘ five preddenm which we havt^ taken nj> forceg tipon ns the 
cenmidenitiem cd* tlte ch»velopmcait of a givcni fumdaon in terms of some nurmai 
Jhnn, and in two cd’ I lunu tlie normal form Hiiggesttal is an tinfnnuliur fuiuddon. 
It is <dear» tliem that a comphd.e tnaitment of onr Huhjtad. will rt‘C|uire the inves* 
tigation <d’ tln^ properties and ndatiotw cd' certain mnv and important funetiems, 
as well as the ecamideration td' methods of developing in ttnans cd’ them. 

12. In earh of the proldems just taken np Wf» luive to dtvtl with a homo 
geueouH linear partial differential tapiation invedving tw(» i!uh*pt*nd!»nt vari- 
fddes, and we art^ esmtent if svv (*an obtain partienlar mdutions. In «*a(di case 
till' assumption made in the Just pnddem, that there exists a mdutiou of the 
eqnati<»n in whitdi the dependent variable is tlu^ prodtjci of two faetia’S eaeh of 
wd'iitdi involves Init one of ilie imli’pimdent variables, will redm*e the cfuestitm 
tt) Htdviiig two ordinary ditferentinl ispmtioim whieh f*an !h^ treated separately. 

If these et|uationH are familiar ones tladr scdtitioim van Ih« writtim down at 
onee; if unfuiniHar. the device tised in pnddeam 2 anti 2 is td’ten servieeahle, 
namely, that id* assuniiiig that the flepi»iah*nt varialdi* iatn Ite f*xpressed, as a 
sum m series of ti’ruis involving whole powers of the indej>eiuleiit variahhs 
and ilitm determining the eoeflleients. 

Ltd, tiM eonsitler again tln^ etpnitioiis nstsl in the first, setanid and thinl 
prtihlems. 

(e) 0 (1) 

Asstniie 1# ,V. V where X involves .r hut imt y, and F invtilves 1/ but imt a*. 

Huhstitiile in (1), F/>/.V' + X V 0, 

or, since wm imi now tleahng with fniietions c»f a single variable, 

1 *PX , I iPV 
XiLr'^ + Fr/y^ 


1 iPV 

r iif 


or 


I iP X 

X • 


( 2 ) 
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SiiKW by th« reasoning usi-d in (/>) and (//) wic.h mwuber of (2) must bo a con- 
staut, say a% wo havo 


do 


•+ a^(H) = 0, 


(,’i) <‘an h(^ (‘xpaudt'd into 


dn 

(o) (;au HtdvtHl (v. hit ('id. p. *121, § 2.1)» and luw for itB compltdH) solutuiu 


// — Ar»^ + ///•" , 

A + V d- i and n 


4 


//•?»»—/// — ■ !, and maj In* writtnu mi^m + ^ad,ug wholly 

a..rhitraryj ami 

// u.. -f i ^ 

//-;:■ mu I /i* ^ 


arts tht*m partit'ular uolntiouH <d‘ 


dy: dn 


i{jH 4“ i)Ii » 0 • 


Witli thn imw vahm td' (4) Uimmiiui'H 


/ ^/W\ 


mnO do 


4 m{ m 4 U<**> 0 


whifh lifia hautt tri*ut«’tl in Art. ‘4 fnr tin* nant* wlmrn m h a jMwitiva intt*gins 
anti ilm piiriinuha' aolntion h hun htnai ulitaintHl. 


mal r t , 

m lining a {mnitivt* intngtas art* purtinular HuluthniH of (I). Tho first of tlnw 
was olitaiiiml in Art. It hut tho stHmml in innv ami oxotaslingly important 


1 4. Till* iindluMl of filiiitining a piirtimilar solntii'in of an ordiiiary lini'ar 
clitT«‘rinit iiil nipinlioii. wliii’li wn liiivn ii.si*d in Artiid»*H *d and of vory 

«*xt«m'Hivo lijipliratitiin and tifftni to tlm gnmnu! Holution of tin* tnpmtmn 

in tpmstion. 



INTXiODUCTION, 


I Ant. II 


As a very simple example, let us take the equation Art. Itl (rf) (iq whii>|| 
we shall write 

d^z . 

,h 

Assume that there is a solution wliieli <*au expresHtnl in tminH nf 
of cc; that is, let z = '^%x^j wlienj tin* eorfilrifntH nr«» fi» l»«» 

Substitute this value for z in (1) and wt^ get 

5 [n(?i — ^ * 

Since this equation must be true fivin its foriiu wiflnint ndi-riniro tn tin, vahii’ 
of X, that is, since it must be an idtnd-ieal iniuatmin tin* I’lH'lllrirtii ai r^t-h 
power of X must equal zero, and we Inive 

(n + l)(u + , .j 'f sa 0 j 


whence 


(/i 4" 4* 


IS the only relation that need hold hctwoi'u tlo- ciH'dl.-iftitH in i )!,,(. 
z = Sa„x’‘ shoidd he a solution of (I). 

“ or « + 1 = 0 , will !h. zero uiui „„ , .v.- , « ,.} 1 ... 

zero. In the first case the senes will liegin with i„ t!„. ,v,ih 


(« 4- 1 )(« + 'Jj 


If we begin with we have 


^2 ^ f ^0 ^ 






r~r+ .i; - „; +■■■) 


' «« coH ax 


is a particular solution of (1). 
If we begin with ai we have 


B!"‘> 


fl «! , &«., 


-*d*-3r + "r,f"Vr + ---) 


and 
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iH a solution of (1); c.an he takiui at pleasure. Let «! = a, (4) becomes 


aV aV aV , 

* = a! + 5! “ 7r+--- 

or z = Hin ajr 

whusli, tlian, in a particular Holution of (1). 

= A niu ajr + <‘oh ax (B) 

is, then, a «ulutiun of (1), and Hiuco it coutams two arbitrary constants it is 
the general solution. 

Ifh Ah another cxmnplc wt» will take t!u^ tuiuation 

,/j.i +• 'f/’. — i» (/» + 1 )* = () , (1 ) 

wliich is in t*fT<H*t cqtiaiicui ((>), Art. 1*1 (r), and let w he a jmsitiva integer, 
Assimie and suhstituti* in (1). We get 

S [/!(« + 1) + 1)] = 0 . 

This is an identieul eqtiatioju thendoro 

4- I ) — m{m + 1 » 0 . 

Heinsi « i) for all valut*H of n except thime which make 

n(fi + 1 ) — m{m -f 1 ) ~ 0 , 

that is, for all vahn»s cif n i^xi’ept /# ^ m and a .=a — m — 1 . Them 

- + /lx-"”*-* (2) 

is the grnieral Hcilutit»n of (1) and 


lire partictilar solutions. If m h not a positfvi* integer tins metluRl wall not 
leiiil to a result* and wi* are driven hack to that einplciyed in Art. !»! (e). 

Ill, lad im mm" the equathui 

ii r f/^1 

f/x L dx + 1 1? « 0 (1) 

wdiifdi i« ill efieet equiitlciti (4h Art. II, liial !s known as L 0 t^muini$ 

(1) iiiity lai written 


tit 

(I “ •»*) — -V + «'(«» + 1 )S »« 0 . 


(2) 
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I( m is a positive even whole iminhcr, p,„(x) will terminate with the term 
containing oj", and is easily seen to ho idoiitieal with 

- - ./>„ (X). [V. Art. 9 (9)] 

For all other vahioH of m a 

'rho ratio of tiu^ (// + l)Ht t(‘nn of (.r) to the nth, when m is not a posi- 
tive even iiitt^ger, is 

(2«~I)(2,0 

Its limiting value, as « ia inereascil, is and the* series is therefore con- 

v«'rgi»nt if — 1 < ,r < 1. It in divorgont for all other values of ;n 

If /;/ is a pcmitivi' odd whoh* nuinher y, „(►/’) will terminate with the term 
eoutaining liiul is tnisily msm iu be idetitieal with 


m ™ 

(- 1 ) 


om-t ”■ p ^iL~tlY 
-['"tw + ir""' 




For all othi'r viilncs of >n, is a series, and can be shown to b« oon- 

vergent if — !<,/•< I, and divergent, for all other values of x. 

•• =■ •*/',«(•'■) + ((-,) 

is the general solntion of hegeiidre’s l-hiuathm if — no matter 

what tim value of m. h'nnn Art. I.'t (e) it hdiows tliat 

r»«/''''/<,„(eiis^) 

fire jiariiindar solntions of 



im niaiter -wliitt the value of m, provided eon 0 is neither one ncfr iiiliina one. 

In the work we shid^ linvi* to do with L;i|ilaee’H aiicl Leiiettdrf*~H Ei|iiutioiiS, 
it iH generally fsmsihle to renfriet m to a fMisitivt* iiitegi»n iuitl hereafter 

we shall iisnally eonftne oiir aftenlion to that ease. 
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INTUODUCTIOH. 


I Aiir. lU. 


■With, this understanding let us return tu (3), whi«*li nmy r«*writif*it 




(;« — «1 (w 4" " I" 1 * 


^'n + 2 

(« + !)(« 4-'-’) 

If 

+ a ~ 

tin'll 0 , 4.4 ~ tb , .■ II . Ar 

but 

a„ + a = 0 

if ti = III, or II — III 1. 


If in (3) we begin with n = m ’--2, we g(»t flu* <«l rMrflini'iif ’i 

obtained in Art. 9, and we have z = / Vp’). 




(2m 1) (2m. — 3) 

m! 


^ . 


mi ffi I I 

’JCJm - I | 


+ • 


1) (m — 2) ( m — .'<) ^ 

2A.(2tii — 1) (I'w — ’t) 


m(m — 1) (w - 2) (m - .'I) (m " * U '« ™ “1 

■ 274.(>.(2 VI - l) {2 m - .‘I) (2 m -- ^ J • 

as a particular solution of Legendre’s KqUHiitin, 

If, however, we begin with n — 3, we tuivtj 


(m -f* 1) (m “("3) 


(m. + 1) {tn + -) («( + .'{) (m + 


(vi -f- 1) (w - |- 2) (w + .'!)(«( 4 11(111 "f* filf’wi -j* 
2.4.<i.(2/« 4- f 7 I 




may be taken at pleasure, and is usuiilly liikt-n iw 
and * = Qm(x) whore 


4- O' 





(m 4" 


\{2m 4* 3 1 



, ^+l)(m4-2)(w4-.*l)(w + 4) I ~t 

~T^2^1^(IJr-rn) + - ] (9) 

is a second particular solution of Legemlni’a Kqualum, il... «.«.■« i* 

convergent. Q„(x) is called a Sur/aee Zonal tianmmw of the ktn.l. 
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It i.s easily seen to bo convorgi'jit if < — 1 or a: > 1, and divorgent if 
— l<x<l. 

Hence if ni is a positive integer, 

= A (.r) + B Q^(x) (10) 


is the gtnu»ral Holution of Lc^gt^ndrc^’n E(|uati(m if x < — 1 or x > 1. 
Wo hiivt' H(Hui that for — 1 < x < 1 


1)^ 


if m Ib an ovoii iutt‘gin% and 


r (m + 1) 


. ... 1) .■ 


o»i» ■ J 


r (w + 1 ) 


..Pmi'T) 


'/mW 


if m in an culd intogor. 

If now wo dofmo follows wlnni -- 1 < x < t 


m * 1 * 

<,>„(X)' (-1) » ■ 


r (/a + I ) 


Pmi-r) 


if m is an odd iutegei-, and 






(H) 


(V2) 


(VA) 


(14) 


if m in an ovon intogt»r, tlnai (lit) will ho tin* gauonil Bolution of Logondta'a 
EclUiitioii if m IB a jiosit.ivo intogar wln*u — 1 < x < U ini wall an whan x < — 1 
or X > L 


17. Lot im liiat coiiHidor tin* «B|niition 


iiH ^ 1 ilx 

^ X #/x 




(11 


ivhioli in kiitiwii 

tJiat isi U) 


iw Ec|iiiitiiiin iiiul mdiieli naliiaoB to (8) Art. 11, 


iix’^ 


+ i + 


0 


wlioii m 0; ♦ (1) cmri Biiiiplitiod hy ii. tdmiigi* of tlto do|Mmcli*nit %'ariabk*, 

** Till* fK|iiiii|iiii will fi»t ^Itiillrii hy F«Hirii*r In rniiniili^rifig tlw rcM»liii.g of m cylintlt»r. Wt 
ilmll di»iilgi»i« li m ** F«iarirr‘ii KnuiiUoii/* 
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f Aiii. IT. 


Let and we get 


(ix^ 


r ifx 


to determine v. 

Assume ^; = S and sukstitutc^ in (2). Wt' gnt 


whence 




If we begin with % = 0, then = &r., ami luivi^ Urn 

set of values 

_ 

2(2m.+ ‘I)~ L'\//r+T) 


2.4(2/« +"i^j(2w -fl) “ ■;;T:;'’!,„;”:'f. i ,, ,,rfr2'] 

ffu , ".. 

® 2.4.6(2m + 2)(2/« + 4)(2«( -|- (!) 2‘..'( Ij m -}■ ! ii m -f- 2 ti m ■}- ■'}) ’ 

r 

whence « = ao®”* 1 — rra: — i-iv + :.r:.r'-* . . 

L - + 1 ) ^ 2 ‘. 2 !^/h + 1 )(«, + 2 ) 


j"* -» 

*.'!!(///. ^ !)(/« + 2 )(/h -f >'!• ^ '1 


('«) 


is a solution of Bessel's Equation. «„ is imuallv t^ikon as ' , ,f ,« i. j, 

‘ m m . * 

itive integer, or as >" '« «mvstrirtf.t in v.ahif. nn.i »!..• H.-. nnil 

member of (3) is repimmted by and is ealled a /■•„„. f...« i|„. 

with order, or a CylindrU'ttl Ilarmonlr of the H/th ttrder. 

If m — Q, </to(w) heeomes and is the value of s iilitjuie-d m Ail JI 

as the solution of equation (8) of that article. 

If in equation (1) we substitute x “c in plueo (,f x^e fur «, we g.-l »» i.Lu-e 
of (2) the equation 

d^v , 1 ■— 2 w j/c 

and in place of (3) 


a<,ar« [l 53^-^^ + 2^21^1=^,. 
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If rfo in Uikvn (‘(|ual to 


function of 

'L, „{■>■)■ 

Tln^H'fon^ 


th<‘. 8(‘(*.ond in(‘nil)(^r of (4) is the same 
of + m s 

~ 4 - (•'>) 


2- "‘r(l —m) 

m aiul .<• that ’f, „{■>') ia of -|- /« and x and may bo writtcsn 


18 t.lu* general Holufiinn of (I) unlewH and ahonld prove not to ho 

iml(*|K*n<h*nt. 

It is cuHily Hc'cni that wln*n /// == 0 , and become idcmtieal 

and (5) ihhIiuu'H to 

(d 4 ^ / 0 ./u(.r) 


and contahiH btit a sinKlc^ arbitrary (amstant and is not the general Bolution of 
Fourit»r'H Faitiaticm (HI Art. (It). 

It can be bIiovvii ihiii whem^ViT m is an integer, 

and conHt*<|uently that the Hohiti<»n (fd is giuuu’al only when m if real is fnie- 
tional or ineimuneUHttruble. 

The getieral Holntion bn* the important (‘use wlierc^ m = 0 is, however, easily 
obtuim*cl* lad F{m,x) be iht' vulne whi«*!i the secauul membe^r of (3) asHumes 
when a,, 1 ; tlnni t!ie valtn* wliieh the maamd member of (4) assumes 

when I will b<* /*V and it has been sliown that s == F(m,.t) and 

X sm aril H«»bdnmH of Ih\HSid’H Fafiiation; «« F(^ffi^x) — F{j^ 

is, then, a Holutiiuii, as is iilst* 


but the limiting value whieh 


F{m-,ir) — « F{-^ tfhx) 


(«) 


— /•'(— w.x) 

~ - appnuwdu'H iw m appniiudioH 


S!»*ro i8 ( »nil i-(inMiM|ncnf ly 

> [ /''{w,.r) 3 ^„ 

18 a Bolution of tbn i>nun!iou 

,rix , I <ix 

+ .r ,/.r + •' ' 

and tho gonoral Hohition of (Kj is 


F{m,x) «s r'” I ~ j j j 4 i^;„ qpTjj 


. 1 . 

VAUm T t liw -'h 


(7) 

(«) 
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INTRODUCTION. 


[.Vur. 17 . 


r- or^ 

D„F{m, x) = x"‘ log as 1^1 — ^.ly 

[' 




+ [^1 + 1 ) + l)(/// +^lfl 

The general term of tlie last parentlu^.sis (*.au hi* writii*n 


FS - ■ ■ ■] 
...]. 


(-l)*. 7 a 


/c!(m “f !)(/// 4" + A'l * 

and its partial derivative •with respeiit to ni is 

^'2k t 

/_ l)k r. ^ , 

V ^ 2'^ Jcl " (///, + l){fti + 2) • H ’ 

. (m + 1) (m + 2) . . . (m + k) “ ~ ^'’K' + I ) + I"« ( "< +- > + 

+ log (m + Ai j . 

Take the of both iiiembcrB and wo have 
1 


D. 


(m + 1) (w 4* ^) * • * (w. 4* A*} 
.1 


(m + 4 - 2 ) • • • 4 - A’T 




B, 




+ . 


. ^ + . . . J 

m 4 * ’2 ' m 4 -’‘ 

,.*1 


.I- 


+ 


2\m + 1) ^ 2'‘.2!(/tt +lxw'+ 2, 1 1, f. m . j- ;t 

.1 .,■•> J r ) 1 

.III i 1 ^ III }. 2 


■■■]=. 


(?//. + Ij'’' 2^.2! Ini 4- i )!«' + i'l 


1 


+ ’ ’ 

,/// 4 ” i #i 4-2 ^ #« 4 '':i 


2®.3! (m 4“ l)(w 4* ^ .'i) 

and we have 

*)]_„ = + [ -2'^:i- 4I +2) + 2Vi:H{I +i 

f /> I I , I , 1\ 

'h 0) + /f A'„ (.r) , I , , , 


^ /I ,1 I 1 \ 

“ 2 ^ 4 !)di+ 2 +;j+ 4 / + ’" 

is the general solution of Fourier’s Etiuatiou (8). 

K,(x) is known as a BmeFn Fimdim of the Hixund Kind. 


(»'>J 
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18. It Ib worth while to eoivlirm the in^BultB of the hiat few articles by 
gt‘ttinK the general .solutions of tln^ i‘<|uationH in (jiu^Htion by a different and 
familiar method. 

T1h‘ g(*n(‘ral ,s<diition of any ordinary limsar dilbo’imtial ecination of the 
second ord(‘r can h(‘ oht.ained wln*n a particular mdution of the (‘(juation has 
htuai found [v. hit. ('al. p. § 24 

Tilt* moHi general form of a homogmieouH ordinary lincnir differential eqmi- 
tiou of tlie Hccoud order is 

tPtf thi 

+ (1) 


where V and are functioiiH of x. »Snpp(SHt' that 

ij -7 r 

in a particular Holutiiui i»f (1). Sulmtiiute ij vz in (1) and we get 



(’iitl "riieii I .‘I I hecofiieM 

dx 



e) 

(4) 


a <lit!'erential ecpiaiion of the tirnt order in which the variables can be sepa- 
rated. Mulitply by #/x and divide by and (4l reduces to 

dx^ fif* 

- -...p O l*d^f r,~v- (I , 

4 C 


Integrate nnd we have 


or 


log -s’ \ log c'^ *4^ I ^ 


f r-u 




/'lO# 


rr J ' 

■' ' ".( ... 


tir 


lira} fi t* ^.1 -f-’ a I f/x^ (5) 

is the getieriil solution of | lb the only iirlntrary cotisliints in the stHKiml mem- 
Imw of (fit ludiig tliosi' el Illicitly wrillein iiiiiiiidy* A iiinl it 

(ti) A|i|4j this fiirifiiihi to ill Art II, 
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I'Aur. 18. 


given: z = cos ox, as a 
since P = 0 

z = cos ax 


particular solution. Substituting in (}>) wo l.uvo 


; cos ax 


as 


X ^.1 + ^ bin a.rj 

= // COS ax ’^ />\ Hiu ax f (•*) 

the general solution of (1), and this agnu's p.-rfoctly with (5) Art. M. 

(J) Take equation (1) Art. 15. 

't - ” *’ » 

given: z = x”*, as a ])<irti(*ular soliitiou. ^ ^ 

Here F = ^, J Xlx. = 2 log .<■ = l»g , and ‘ ‘ =« 1 (■•noo by ,5) 

« = x«^U + II (.1 + _ ^ . ») . 


( 1 ) 


that is 


/‘I 




is the general solution of (1), and agri'cs with (^J) .\rt. 15. 

(c) Take Lugcnilrn’s I'hiuation, (2) Art. lb. 

f/,- 

(1 — 'F) — 2,r -f W( W -}- 1 ).r ■■ 0 ; 

given: » = (a’-) > j)ai'ticular Holntiun. 

Here F = , J X<lx = log ( 1 — x'l) , ntnl n - ■■ j 


(0 




Hence by (5) . z = (x) -f /> j 

C.T- 

•'■b 1 p; 

(21 

is the general solution of (1) and luuHt agn 

HI with (ID) Art. ID, if m i 

IS all 

integer, and therefore 

/* 

tlx 

l.’il 


lo- 



where C is as yet undetermined, and no eonsUint tonu is U» Iw uiitliTMtoiHl with 
the integral in the second member. 

(f) Take Bessel’s Equation, (1) Art. 17. 

^ .X,h 
dx?' 


,l<h, m\ 

? + :r,/.r + (‘ “ /i) “ “ » 


a) 


given: z = J^(x)^ as a particular sol uthai. 
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I _ 1 

Hero , I /y.r , and = ■' , Hence by (5) 



C.l + «r 

(3) 

is the general sointitm of beHstd’s 

[f ill = 0 ^2) bei'tmn^H 

/ 

K(liiatiini. 



(•‘0 

./, (,!■) ^ 


iuid mtist iiKH'*’ witli ('.h Art. IT. 

'rherefort' 


1 

%»✓ 

1 


(4) 


where C* nt preBinit niiiletermiiied, and no eonHt4Uit tHuan 5s to be taken 
witli the init'grul. 

Tht' fu’Ht i'oinHtderaUle Hubjeot hn|^gesti*d by tin* problems whicdi have 
taken np in thin Int rodiietory chapter is that <d' development m Trigimometrio 
Hm’iea (v« Aria* 7 and H), 



CHAPTER TT. 

DEVELOPMENT IN TRICK )NOMETKIO HERtEH. 

19. We have seen in Chapter 1. that it is H()m(‘tinit»s iiupcM'tant to 1m‘ ahln 
to express a given function of a variable .r, in t(U‘ins of the sines ur ot the 
cosines of multiples of iT. The prohhnu in its gtaierul forniVas first selved 
by Fourier in his Analytic Theory of Ifeat/’' (1H22), ami its solution plays a 
very important part in most branches of nuuhuai Physit's, Series involving 
only sines and cosines of whole multiph‘H of .r, that is Htnaes of Uw form 
ho + hi cos X + h^ (ios 2x + • ’ • + ^0 sin x + sin 2x + ' * • 
are generally known as Fourier’s stumps. 

Let us endeavor to develop a given finuTaon of x in terms of sin j% sin 2a', 
sin Sx, &c., in such a way that the fmuT-iou and the stshes Hlml! be ei|Uit! for 
all values of x between rr = 0 and a* = tt. 

To fix our ideas let us suppose that W(* hav(^ a (nirve, 

//=/(•'•) , 

given, and that we wish to form tln^ ecpintioin 

y = (ii sin X + sin 2x + <h + ’ * • * 

of a curve which shall coincide with ho much of the givim eurvtuw lies lietwemi 
the points corresponding to a; = 0 and a* = tt. 

It is clear that in the equation 

y=.Uxm\x ^1) 

aimay be determined so that the curve rcq^renented slndl pmH ftirongli anv 
given point. For if we substitute in (1) t\m eoc^rdinates of the point in i|ni*H* 
tionwe shall have an equation of the first degree in whitdi is ilie imlv 
unknown quantity and which will therefore giv<i tm one and only one vulne 
for ai . 

In like manner the curve 

y = ai sin x + sin 2x 

may be made to pass through any two arbitrarily (dioscn {H.intH whcwe al»HfiHNaH 
lie between 0 and w provided that the ahH(nHH!iH are net t^jiial; ami 

y = «! sin a: + sin ‘Jr. + sin ax H f- ,i„ sin «x 

may be made to pass through any n arbitrarily cheseu jaiints whese at»McisnH« 
lie between 0 and tt provided as before that their abwdssiw are all liimT.-nl. 

If, then, the given function /(x) is of siudi a ehanuitiw that for eueh vale., .'.f x 
be^een a: — 0 and a: = 7r it has one and only one value, and if la-t ween 
» — 0 and aj = 7r it is finite and continuous, or if diseontimious hiw only 
fimte dwcmtinuUies (v. Int. Cal. Art. 83, p. 78), the cw.fflelents in 

y = «! sin x + a^ sin 2x + «, sin .'te f 1- sin 


( 2 ) 



I’ltKLlMIN^VRV STUUV OK A FINITB HUM. 


SI 


(‘an bc^ (l(‘fcormine‘(l ho that t.ho (*urv(^ n^praHonUHl by (2) will pass tlirougli any 
n arbitrarily chuseu pointH «>t‘ tin^ (oirvo 

(3) 

whos(^ almcnssaH Ih* In'twiani U ami tt atul aro all difforout, and those eooflkiimts 
will huAH^ bat (nw sot of vuln(‘H. 

For thf* saki' of Htmplioity Huj^poHo that tlu^ w points are so c.hostni that tluur 
projoc.tionH on tbe axis of .V are (sputliHijint. 

TT 

Call I « A.r ; thon the tH>or«|inatt*s of tho ??. ]H)ints will bo [A*r,/(A.r)], 

[2A.r j/(2A.rj], [3A.r ,/t3A.r)] ^ • • • [/# A»r ,/|^/^A.r)] . Substitute thmu in (2) and 
WO have 


f(Xr) » fh A.r 4* "t* sin 3A.r 4” * • * 4* siu nXt^ 

f(2Xr} * 0| sin 2Xr + tr.^ sin 4 Ax + stn bAx + * • .4. nin 2;iA»r 
y'(3Ax) ** sin P*Ax “'j* o.j sin r»Ax 4* slu UAa* • 4-<(^ sin BhX** 

y*^/iAx) » 0| siti II Ax 4* 2 iiAx 4" sin «*liiAx -I- • • * 4* 1^1, sin /i^Xr^^ 


' (4) 


n «(|naiioitH the first dogrot^ to tloionniim the n oooflioioutH %, 

lh»t only ean oi|uat.ioiis bo solvisl In theory, but they can Ixi uetually 
solved in any given caiii^ by a very simple and iugesut»ns mt^thod due to 


Taigraiige. 

Let UH take as an e^iiiiiple tht^ siiiipki problem to di‘termine the coetlle’nmts 
^1$ %i «i> ^tii and o,,. mi flint 

1 / ir;;s Oj sin .r 4* *x,s 'dii 2r 4"* 3x 4* 4x 4* ®bi Ite (fi) 

shsill piwiH through tlm tlvii poiitt?i of the lin<^ 


y . , r 

w 2ir flir •r ^ , 

which liiivn tli»^ iibsrisiiiui 1 * aiui |i§i^ mikig Ax. 

We liUiiil len%* s«dve tlie ei|iiiitbniti 

V . ^ . . 2 rr , *ltr , 4ir , , Tiir 

^ Mi rt| s$n 4'“ sill jP 4* «! i*in 4 ;" 4 hiii 4,* + n| mii -“jt- 

2 w *Jw 4 w , bw* , . Ibr 

»##I ?4iii 4 * roll + 0.1 I4SII 4 n* mil 4 «s " i; ' 

3w , bv , !'»ir , ILV , low :- (bj 

- tmni sill 4 , 4 1 ; 4 sin 4 , 4* 4 sin 
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DEVELOPMENT IN TltlOONOMETKUl SERIES, 


[Aitr. -JO. 


Multiply tlie first eq^uatiou fiy 2 sin ^ , tlu^ sccoiiil by 3 bh^ , tlic tliu-.l 
by 2sm-|^, the fourtli by 2 siu tho lilth by 2 sin utui a.bl tbo 
eq^uations. 

The coefficient of is 

nr- 9nr StT 47r ‘^TT . HtT , „ ^ ItT . HtT 

2 siu-g sin 1^- + 2 sin y,- aiu ,. ■ + 2 sin sm + - • ' .sn» 

Htt . IOtt 
+ 2 sin ' sin ■ 

TT 27r TT tlTT 

but 2 sin sin = (u)S — eos 

Hence the coefficient of a.j l)(M‘.onu'.s 

TT 'Jtt , 37r ‘Itt rPTT 

cos ^7 + cos i; <; 

("I 

Stt ()7r i)7r ILV I^tt 

— COS^;. cos —“COS'.. —COS . cos 

() () () o <> I 

and this may be rednc(ul ])y the aid of an im[>ortaiit Trii^uiKouct ric i’niauula 
which we proceed to establish. 


20. Lemma. 


cos 0 + cos 2 ^ + cos 3 ^ + • • • + C*OH w 


^ j Hiuc2» !■' 1 1^, 


Por let jS = cos 0 cos 26 -f- cos 2$ • -j- cos iiB auil luult i|d\ la 2 cm.h th 

2S cos ^ = 2 covs**^ 6 + 2 cos 6 cos 26 + 2 cos () <m)m :\ii f* * • * 2 «'um 0 cmm 

= 1 “f“ cos 6 “f- (‘OS 2<9 -f“ • • • ”1" cos { n 

+ (‘,os 26 -f- (*.os 3^ 4" c.oH 4^ 4" * * * 4’ coH i « f I \ii 
= 2S 4“ 1 4“ 4" 1) 0 — (‘OH 6 cos ti6 . 1 Icuci^ 

^ 1 cos n & — coH ( // 4' 1 ) ^ 

2 2(1 — COH 6 ) 


H .. siti (2// + 1), 

^=-2 + 2 
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21 . Applying ( 1 ) Art 20 to ( 7 ) Art. 19 tlui coeffkient of % reduces to 


, IItt , ;j,'i 7 r 
sm p, mn— 


thtu’ofore 


IItt 

TT 

and 

:iK?r 

l2™ TT -- 

" 12 ^ 


I J 




Kttx 

sin / it — 

sill 

1 .Itt 



aiul ViWllHllCH. 

In like tnuiiuer it nmy hIhovu itiut ttu^ coi*fli«*ic‘utB of a®, imd 

ViUUHll. 

T!io aocllkuetii tif ff| m 


2 Hill . *}* 2 


1 + 


.* ■ - 1 “^ » II ■ . .1 • . ,* r» 7 r 

2 Hiti^ , -f ' 2 Hill®-, 4 - 2 gin^--r 

t* <1 C> ii 

I 4 . I 4 . 1 ^ 1 

■ifr tlrr Kir lOw 

Cl 9 II 6 


Htn Hill /lV *■« T) 

-.^ 4 -’. - ’ '’i-U. 

" 2 .in! 2 mu! 

<♦ u 

Tilt first iiii’iiilti’r *4 llii^ fioiil i^i|iyiiit*ii is 

27 r . . *Jw . . :iw 4w . 4w . Bw , Btt 

mu + 2 sill i- 2 -* ^ mil - . ' + 2 hiii + 2 ■ y »iii -- . Htiioe 
Cl 0 Cl !♦ ii ft It I* It Cl 

’* * "* ^ /. I' 

"■ ^ -*1^* A. * *i“ - ll|i|irri^itiyiti»!v% 

f* itmf ff Ii fi ^ ' * * 

t 

» 2 iit 

If m-'e iiiiiltijilv t}ii« flint r»|iuifiMii nf Art Ia 2 slit , flie srruuil lij 

i t'jj' ^ 1 ^ ||.| 

2 sill -T.' , tin' thirit li% 'J «ui . , llm luurtlt l>v 2 juit -r , tho fU'tlj 

*' IttTr '* 6 ' 

hy 2 sin ~ , Illl4 IrthilS'! ii'i Wi’ Hliiill lillil 

I t 

% 1^'^ , ^ , ?titt - , - , v*^ ~ 0.9 i 

* I* — i; ij i; ^ ’ 

« ^ I 
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[Akt« 22, 


and in like manner we get 


2 kir . 37c7r tt 

0 X "6 0 (i ' 


2 tr-A . 47c7r 7ry/* > .. 

=5 S IT “"".r 

fc*l 

2 7r,7r . 57:7r tt ... - 

“eS-ir™ — = 6 


Therefore 


y = 2 sin a; — 0.9 sin 2x + 0./> sin ,Tr — 0,.’$ sin ix + 0. 1 niit fu* (I) 

TT 27r *Arr 

cuts the ciirve y = x at the iive points wluhst^ ahstnssiiH uro jr , , '-j.’' , 

47r Stt 

y, and-g-. 

22. The equations (4) Art. 19 can be hoIvimI l)y (‘Ka<’tly the Hunie tlevirc. 
To find any coefficient multiply the first (‘(pmtion by 2 sin mXr, the 
second by 2 sin 2mAXj the third by 2 sin <*^ 0 . and atld. 

The coefficient of any other a as in tlu* resulting ecpiation will be 

2 sin kAx sin uAx + 2 sin 2kAx sin 2mAx + - sin llkAx sin llmAx »{-••• 

+ 2 sin nkAx sin 

= cos (m — 7 c) Aa; + cos 2 (m — 7 c) + cos 2 (/// /c) Aa’ + * • • + rtw ( m — /c I A.r 

~cos(m+7c)A.x~(X)8 2(AM + ^^‘)^‘^ *A{m +7c)Aa*‘-" vm ri{m f Ai A.r 

. 2i^-|-l yv . 2 a -f* 1 » » \ 

sin — (m — k)Ax """ — ‘ ^ 


(m — /cjAa; 


1 "f" 7t')A.r 

Jj 

. (7n + A)Ax * 


by (1) Art, 20. 


2a -f- 1 


and (n *+• l)Ax =c tt. 


Hence the coefficient of may be written 


. — — sin 4 . k)v — 


(m — /c)Ax 


. (w + A“|Ax 

2 sin ‘ ■■■ ■■. 


11 11 

but this is equal to 2~2 m — k is ntid or in-t«n 

and so is zero in either case. 
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will lu^ 


2 A.r 4" - nin’^ 2w A.r 4- 2 sin^ llm^x 4 . * . * 4 . 2 nin® wwAjp 


« I I '“i” I 4* 

— ««oH 2/«A.r — nw 4m^x — rnn <lwAx 


I ?4Ui {Jit f 1 IwAx A * 

n + ^ ■™ , l*y (!) Art. 20. 

* 2 2 mn mAr ‘ ^ 


4 1 

wm JriftidJC 


(2« 4'* I Jw* A.r ■ ■■■. 2w( « 4"' I iAx wXx ~ 2w7r — " mXx, 


m 


Mill f2ii I )mXr Mill |2wir -** i«A.r| 

2 mil fiiXr 2 Mill iiiA.r 


1 


i rur«f!lrii’lii i*l in it 4" I • 

[imt iiu'iulw'r tit utir fiii;il iM|!iitti«iii will bn 
4 » ^ 

2 f\ lX.r I Hill kmXx * 

itkmi- 

t ■». I 


(II 


■t I 


V fi Ixx I Htii Axil Ax , 


niirvn 


1/ rf| HlU ,r 4 Hill 2-r I • • * I" Hin MX » 


(t) 


( 2 ) 


;;|in rtii41lt*irfil h ai*’ i^urii lii ij i will fliriiii|»l4 llin « jtiiililM of flio 

v 

'i rz fVr| iirr Ax » 2Ax » 3 Ax. * • " II Ax, A.f lii*ll4|{ , ^ * 

#1 f' I 

imlii |ii« tsiitiMl ili-al fuiiri^ llii^ « r'*|iii4liorii< ill Art. 10 iir«^ iill of tbi^ tlnO. 
llli^rn W'-'ilI r%lH| Mill) Miir^ %$*i nf f*»r llin fi i|niiiif llir.fi 

iltlil riitt ilifHi' r»|Ui4l |M|i‘?i, i%ilii4ri.|ltr’lilly ibn f%uliiliti|| W'liU'tl %V‘n 

lllill«*il iM t til’ ristliiliMii 

Tim rn?iilll JliHl t«bliillt«’il tibilinifily Inilili gtttwl iiii iiiiiltor Inrw gtriit it 
t n iiiiiy tiikrii 

w Wf ^ii|i|tiiiif' If iiirrr.ii.!^rO tliti ttti» riiiwxH | 2 | Art. 22 iiiiti 

I will roiiii^ lir.iirr *II |4 fio: 4 i#x to roifiriilllin lliroiiulliHit llin iif 

irtitiiiH IwOirinxi .r ■ II 4 ii 4 ^ v , iiinl rMiimn|iipiilly llio lliiiiliir^* 
tilt i»ir|iiiilioii i2^ Alt 22 m if* iii«it4iiiit«4y m ill 

til il riirv’i* Iilwi4ill«4) r*»||irl4ltik' l*‘’*tww|| lliP Ilf X ill 


36 BEVELOrMEKT IH TllUiOScOlUnill! |AllT. '.•I. 

L.t »s se. wha,t li.mtiEe valm, 

k'^n 

'aiiAx. (1) Art.. 




2A;r 

TT 


k 5 ? n 


^ f{kXr) sin /cmXi 


[/(A!»)smmA»;.A»^+/(2Ar^) sin 2mA.r.Xv+ ■ ■ ■+,tX„Xr) sin „mSr.Xr 


2 r/(Ax)sinOTAx.A»+/(2A»)sin2»(Aj’.AxH I 

==~j ^ ^f{7r*^Xr}H\nm{7r 'Aj*I.A,rJ 

since Aoj 


1 


As n is increased indefinitely Ax approacht-s wn-n m a limit . Hnmn tin' 
limiting value of as n ijuiresuses indefinit ely is 
2 limit r/(Ax)sinmAx.Ax+/(2Ax)sin2wAx.Ax-l 

^ Ax = oL +•^1’^ ” 


. 1 * 

j I » J 

pw sill mj\<Lr » [ V, Int. < ’;iL Arf?4. KO, K1, J 


Hence /(x) = «i sin x + sii\ 2x + «a sin .'Ix + 
■where any coefficient is given liy the formula 


('-■) 


2 /'• 

= -■ j ./’(x) stn H(x.(/x , <.'!) 

(I 

is a true development of /(;r) Tor all vaUum (d x he! ween .r* ^ 0 and x rr 
'provided that the aeries (2) ia eonvenjent, for it in in that rant* utily tluil wr t-an 
assume tliat the liiuitiug value <if tlu‘. whhuuI tutnuher i*f (21 Art, 22 eiui hv nU** 
tained by adding the liuiitiug valu(*H of tlu^ m»veral teruiH. 

When cc = 0 and when ;r = tt (*very term in tiie Heemul lueuibrr ut d2) 
is zero, and the second member is zero and will U(*t In* ec|Uid tiuh'HH f'» j ) 

is itself zero when x = 0 and x rr ; Imt. (*veu wlu*u /nr| ih imt. /mt tur 
a; = 0 and x = 7r the development given above ho!tl« got*d tor aii\ vain*’ 
of X between zero and tt no matter how near it may Imi taken idllttn* ol iUvnv 
values. 


24. Instead of actually performing thc^ eruniiiation in e«|nafioiiH |4i Art. 
19 and getting a formula for in terms of n, and letting « iiifroatHe 

indefinitely, we might have saved labor by the folhiwing ineihtai. 


* We shall use the sign = for approwhen. Ax • • 0 nnwl Ax iipprisirheii zi ro. 
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Iii‘turi)i to oquatiotiH (4) Art, 19 and multiply the first by Aar sin mAsr, 
tlu^ Hoeoud by A.r sin 2wA./‘, and so on, that, is multiply (‘acdi (‘([uation by Ax 
the (‘(H*ftlcdt‘nt <>t in that c^juation, and then add the equations. 

W(‘ get as the eoeiheietii of fq, 

sin /rA.r sin mAx, Ax h *2IcAx sin 2//? A.r. A.r -f- * • • 4" sin n/cAx sin fwiAx. Ax. 

Ii(‘t UH find its limiting value as n is iinhdiniitdy inen^ased. It may be 
writttm, ninety (n 4'“ 1 1 •Ax — tt , 


limit 

Ax :^0 


- s i n A‘ A.r H i I u/i A.r . A.r + h i n 2 kAx 8 i t » 2 w A.r. A.r + • * * "1 

+ sin /c(7r — Ax) sin w (tt — Aa^).A£r J 


but 


^ j Hill kx sin mx.dx; 

« 

w w 

^ mu kx mx mxJx ' • ' i J k)x — «»os (/a + U)x\dx^ 

Ti « 

" 9 if m and k are not equal. 

Tlie (sietlieient of is 

A.r(«iii'^ mAx + Hin'^2wA.r siti^ l\mAx 4 - • • * + sin^fimAx)* 
Its UmitiuK value 
limit 

Ax aa 0^ 


sin^ mAx. Ax 4’ sin^2w^AxA.r 4 « . . . 4 - sin^ w( 7 r — A.r)A.rJ| 


■ ^ sin® mxxix ^ 


The first iiHUiilsT is 

/(Axlsiii wA.r.A.r -h/;2A^| sin UmAx.Ax 4 - * * * nmAOkAm 

and its valm^ is 

m 

1 j\x) sin mxjix . 

li 

lieiiee tlu^ liiiiitiiin fi»rni appreiiehed by the final fs|uiitkni liH » is iiKiri'iMiHl is 

. IT 

41 n mxMx 


’Wheiiei' 


i /{x} wif 

% * 

n 


118 bidbre. 


This liteilitnl is iiriielieatly the saine iin muitipitiin*/ tkr tfmtfhm 
f(xl ^ ■ «#j mu X 4 e .3 niii *Jx 4 *^3 4 ' ’ * 

/ii/ Mim MX.iix ttttti 9nir*iriitfhi*i imth mrmimtnjhtm srm itk IT. 


( 1 ) 
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DEVELOPMENT IN THIOONUMETUIC HhlllK.s 

It is exceedingly important to realize tlmt the short nu-thod of .hdenuiniug 
any coefficient a„of the series (1) which has just been desenlted in the itah- 
cized paragraph, is essentially the same as that ol olitauung 1>.V aetual 
elimination from the equations (4) A.rt. lib and tlien sui-posing a to uierease 
indefinitely, thus making the curves (d) Art. lb and (li) .\rt. lb abs.dutely 
coincide between the values of x whitdi an' taken as the limits of the 
definite integration. 

25. We see, then, that any function oi .c which is tiiiiit*, and 

continuous between ;r = tt, or if ilisctmtinunus has uidy Unito 

discontinuities each of which is ])re<HHhHl uiul siU’tMHnhnl by couttnuous por- 
tions, can probably he developed into a stu’it's oi iht' Inriu 



f(x) = (ii sill X + <t.j sin 2.r + ",i sin M.i- + • • ■ 

(1) 

where 

9 X 2 . 

j/(x) sin = ^ j ,/’(«) sin majia j 

(-) 


0 


and the series and the function will 1 h' iiientic'ul for all values of ,r hotwiaat 
aj = 0 and a? = 7 r, not including tlu^ valutss .r 0 and x v utiloss 
the given function is (apial to /.(‘ro for thow* values. 

An elaborate investigation of tin* (punstion of tlie converg«uiro tin* neries 
(1), for which we have not spaias entirely eiUitlrnis tlie renult lurnnilateil 
above * and shows in addition that at a point of finite iliHeoufituiity tin* series 
has a value equal to half the. huiu of the iw«» values wliieli tie* fiinetion 
approaches as we approadi the ptiint in (fueHtitui from oppuHii** side^. 

The investigation which wt^ hava^ iiuuh* in tin* preeeding seetituiH oHijiiiliNlieH 
the fact that the curve laqii’esenttal l>y // ■—/(‘C) in*i*il not toltitw tin* ?«aine 
mathematical law throughout its lengtlu but may he mmh* up of poitiniiH of 
entirely different curveH, For examph*, a broken line or a loetis rmisiHf ing of 
finite parts of several dith^reut and diseonnec*ied straight liiitei ran 
represented perfectly wcdl by y = a shn^ si^ries. 

26. Let us obtain a few sine developmentH. 

(a) Let f(x) rrf. X . 

We have sin x + Ug sin 2.r + a,, sin lit -f * * 

where =s 2, / a* sin fftxxix 

« 

♦ Provided the function has not an infinite mimlw*r of maxlain fiml minima iii il»r n.-ii^Uo 
borhood of a point, y. Arts. 37'-88. 


0 ) 

(-• 

(in 



Ckaf. H-] 


KXAMPLKH OF SINK HERIEB. 


89 


Hill nixjix » (Hin mx — mx em mx), 

I r Hiu mx.tfx »= 

J m 


/Hin X Hin 2x , niii lit win 4*r ,, \ 


(A) Lat 


f^r ) . 


I niti mxMx 


Htu mxjLr 


vtm mx 


X I I 

j Min m.f.ilj' ■■ ». (j -— cds HITT) ~ [I — 




I) if m IH 

♦* 

* if* m is iiiliL 

m 

4 /Hin X n\n Hr niii 


( Hin .r , ^iij *lr niii fu* niit Tx \ 

I •• + --;v^''+ . + -.-y^. + ■••) 


It in t 4 i Im' iliiii givi'H lit, i»iit*i‘* II ilin*««|4i]iiipnit fVir liny iHiiiHtatii 

a. It w. 


1 1 ’ intu X sill *lr will ff 

Tf \ I a ' a 




If wa Btilmiif-Iita .r rs-,; m ilHai ur |:ii wt^ gi4; it fiiiiiiliiir rantill-, iiiimaly 

1 J i'i T ’ ' 

I frmiuilii iimiiitly iti^nv*^*! Iiv snl»f»liliititi|| x m | in tlia jwiwar liarian far 
iw l>if> Art. lafi. I 

(4) fill iliii’ii Itiil lif»ltl whr-n X - w. itii4 i:ii iiuU w^hm x ^ 0 mul 
whan X ' w, ill itH riifini fln^ |i» /xr*x 

V 

(r) Ltt|/|,rir-x fr«*lii .r ■ * O !■*» .r • 

IT 

iitttl /|j"| " ' w X fri'»iii X ,, Ih X w y*V 

Thilt b, Irl 1/ /<xi ir|»r»»«nil ilia l*r*4ait jX ] 

llu« ill tint figitra, yx 

A« Ilia iiiiithriiiiilix'il rii|4r«'i^»init f^»r ^ 

fix) in Itiffarriil lll Ilia twxi Inilr«-st4 ilia 
imrvt* Wf» tiiii.il hrtnik n|» 



DBVELOPMBNX m TUI(!<>N(>MCTUU: SKItlKH. 


s /* 

into Jf(x)Bin m^M + j 


) iiii 


We have, tken, 


n 

^ it 

:— rxsinw(^.</-^+ j f w ■ 

itJ ”» 


4 . TT 

-r- Bin W ■ 


if w ■” 1 "»■ 4- I 


« III - 


I A- 4- 3 


: 0 “ III I 


Hence if reimwnts imr liiK' . 

, 4 /Hinx Bill , ''i" __ 1'" ’.r X . . -V 

/(*)=;;hT"' * ,V -■ y» + ;• 


When a! = J /(*)== '^ ami we Imv.. 


‘ .f ' I ' 4. 

H 1'^ * :r^ * ^ 1'^ ” 


' (i:Z) As a ease where tlie fuiiethm hiw a tiiHlt» ili«rr»iiliiiiitlji lii4 


f{.v) » 1 from 0 iii ,r ^ 


! 0 « .r 


y =/(.T.) will ia this case rcprcsimi th«^ liwnin iii ilo.^ 
ly A.« Iw'lori’ 


• » 

»||4 I j\-f) Wilt >« 




» - fiili 4* * 1 iiii 

T J vt 


I 
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2 f. 

J Mill 

f 2 1 . 

TT //?, \ 

1 — 

< 

7r\ 

008 «. 


Bat 


000 m ^ »a 0 

Jf 

if /// =3= 1 

or 

Ak + 1 




wm «**“ 1 

/// 2 

it 

4A + 2 




* 0 

<< w, » 2 

ti 

4* + 3 


Hencie 


w 1 

** ffl-SM 4 

ii 

Ak. 


/w“:( 

^sina* , niii .'i»r Hiai>.r 

.r+ ^ + .■, + ,-,- + 

2 Kin (‘..'• sin 7* \ 

_ "*■ ~r +■*■;. 

(2) 

If 

TT 

2 

tliii Hcfiiiitl iiifiiilHT of (2) mliiwH to 

J. for 




r: /i .. * 4. > 

w \l M ^ A 

-a--)- 

r. l>.y(P)(&)j 



and wa saa that tha narit’H tha fnnation aomph'ti'ly for all values of 

xhatwaaii and .r ^ aKaapifur .r « and there it Imn a 

value whiah ia the tui’aii uf tha valuaii appi'oiiohed by the fujactiott as x 


aplirciaalias fraiu epiHaiitr huIvh, 

m 


KXAMIUdX 

Oldlihi the frillowieg •d*n^idtij»inanii4; 

,| 


(*) *• “ [(^ “ 1 ’) *■ ” f + ( J ~ |.) «in 3* - j 8ia 4® 

+ Q. ^,) «i.. n.r j . 

(L') ~ Mil - (T. - «in IV + (I ~ ^ 8iu 3* 

f'i\ W-V _ • f NUl ' Mill .'if 2w . ^ , “iwK* 

(•*) w * ” L 1' + 


.■ts 4* 


6 * 
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(Ak 


if f(x)=x from X = 0 to .r = ^ ait.i /(.<•) ^ tt !n.n, -= f 


J .r 


• 2 . r HJn^r 

( 4 ) sin fix — - sin ^tt I .j-j 


If sill-’.'' .'I sill. if S sni If 


if /i is a fraction. 

2 PI 2 ■ •' 

( 5 ) 6* =- I - (1 -1- s>>‘ a- + r ( 1 — I •'‘in ‘J r ^ j- i,l -lu .’i.i 


+ — (1 — f”) sin ■ 


, . , 2 ainli 7 rrl . 

( 6 ) sinha;= 


Hin j' 


.HUI Jr ‘f-- -jYj Hill .if *»« ^ Hill ir -f ■ 


2 ri J 

( 7 ) cosh ^ 1 2 ^ 


j I ««“ tf' I run J-r 


+ (1 + nmh ir'l niit :ir -| 


27 . Let us now* try to (lovt 4 o|ni givtni luiirtiuu «»! r m ;i nm if i •»! n* 

As before suppose that /(.r) has a siiiK'le valto* bo imi Ii i .tln*' «.! ^ bri 
ic = 0 and x = 7r, that it does nut lirfin-rn < ii 

ic = TT, and that if diseontinuous it has tiiily tiiiit*’ diHri.iitiipiit n-H 

Assume 

f(x) == />t) 4 " />! (HiH .r 4 ” <’*‘^4 l.‘x I ♦■•♦H :ir i 

To detemino any coefHidiUit mulliply |I| by tm'* m^jir md| sitfr 
each term from 0 to tt. 


j h^t vtm mrjir --a fl. 
Tt 


J* J* cos hx cos mx.dx = j j nm ( »i - /. i r -}. . . . , , f. I , , jd.r 
0 « 

” 0 it M lillll 1' iir*” IImI r^|i|»||, 

WH^ m*r,f/r ^ **’ (m.r run m.r nut 

Jw 

ft 

f h cuH^ m,r,tir a — /# , 

w * *# «# » 


t! I'i !jm! 


Hence 


2 z' , * f .* 

"m = “ j ./W <'"** WJ'.'/.r -- ^ I ,ri 0 I • 




if m is not «ero. 


Cha.’. U.] 
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'I'o get /'« multiply ( 1 ) by dx and integral* from zetro to w. 


Ib'iico 


n 

== hair, 

t) 

ir 

^ hj. <‘t>H h\v,tlx 0. 

0 

« A ^ f(a)da^ 

rr J TT 


\vhi<'h in juni half tla^ valiu' that WDultl hi* j^iviai by formula (2) if zero were 
BuhHtituti'd for m. 

To wive a «i»parate formula (! ) in tmually wriUeu 

J\,r) J /\i '4* ^*% 4“ K “i* voH (4) 

and then the formula 


2 r . 2 r , 

I I /( a) eoH wa.^Za 

IT J ‘ ^ TT J * 


will give /#,» iiH Widl m the othiU' eoeflleieiit.H. 

It \n im|H»rtiiut to nee eUmrly that what we Imve junt done in deter- 
mining tin* eiMdheientH of i h in **i|uivulent to taking h + ! termn of (4)^ 
Bulmtiiuting in 

y ' " I ' voH ,t -}■• eoM 2.r f” * * • '}“ VHH fiJ* (f*) 

in turn the eoiiriliiiiiti’H ot the n -{- I pointH of the eurve 

y /or) 

whose pritjeetiiiiiH on the iiitis of X are in|uh!iHtant» tlelermining hi, ih, * * *h^ 
by eliiiiiniit loll from thr* #i X ! resulting ef|uatiotm, and then tiiklng the liiidt- 
ing values they m n is iiMhdinit^dy tnereimeil. (v. Art. 24.) 

If A,r ■ T , thi* iih^eisiiiiM of the n T ! munts iwml lire 0, 2Aa\ 

#i d ' I 

.lAa% ’ ' ’ iiA.r, so fliai nUmiM lOipeet our eosine dt»veki|iiiietit to hold for 
^ ?'S;: II Its Wi4! IIS for vitilies of .,r iw’IWtaui Zi*ro llllil IT. 

2H. Let ii?4 take one or two e3iiiiii|4es : 

(ii) I#et /f.ri T . 

, 2 

^ I rtfrf ^ W • 

wj IT «. 


iHi« m.r.*i,r r-i (vm mir 1 1 * [ (— 1 ) *-*13. 


0 ) 
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DEVELOPMENT IN TUKiONOMETK 10 


[Aut. 28. 


Hence x 


TT 4 / , cos , C.osfhr CAM i.t . \ 

= _ __(eosr. + ~5-+-p-~+ - 


(2) holds good not only for valutas of x in^iwotni 7.orc> and w but for x ^ o 
and a? a= TT as well, sincio for values wo luivo 

^ TT 4 . I . 1 . I . \ 


0 = 1 /| 4 . - -L ‘ ' 4 , . . A 

f i r!“ + + " *) 


which are true by Art. 2G (^>)(S), 

(d) Let f(x) = .r Hin x , 


2 J 

= - I ./• Hin xJx =: " tt » 2, 
ttJ rr ' 


= — CxHinXCAMX. 


I /% 

'.dr:-':: I .1' siu LV.r/.r 

•TT J 


/ X sin X 


COH mxjix r.r: 


(/// -b 1 (ai — l).-rjf/.r 


(w 1 )(/// 4' 1) 


if /// is {}ijd 


Hence 


(w. — !)(/// 4- I) 


if /// i.H oviui. 


*8ina; = l .. _ -’••-H-I.r . 

^ I-'J ^ 1.M ;{.5'” + 


If a; = — we have 


1=1+ " ™ > 1 > 

4 ;t.r» * r,.7 


KXAMI'I.KS. 

Obtain the following developnnnits: 


(1) /(*) = ^ _ ^ r 1" 4. '■"« , <•<« 143- , 1 

^ " 4 TT L e ^ + r,a - + ~7~ + • ■ 4 

if f(x)=^x from ., = 0 to x = | and/(x)«w-r from i., 


ill .r '.B” w' . 
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1 , 2 r«OH;r POH .*i.r , coH^.r eon 7.r 


if f(T)^ 1 from ;r *« () to j* = and J\.r) = 0 from .r = - to xsm rr, 

n\ ..4 - _ 1 ~ 4 - '■"” ~ '‘i’ 4 . . . .1 

Ov "“TT ’ P ^ .'f-' I'’ ^ 


tt" T) r/TT''* lx ., , /W' 4\ 

■4 “ “ LVi '■ “ W + {:v ;iV 


_?L,„h 4 .r+ - 

( 0 ) jt®) — I + ^ (i “ 0 “ •j'’ 

4 - |a ("J “ * ) ■“ ,”4 <■' '■ J ' 


I’dM i>.r <i.r 


IT , W 

if J^x) » fmm X »« to x 5=3 uml /(x) » 0 from x »» tt> x a* -n; 


*> r** 

( 6 ) 


(7) C508tl 


*> pi I I 

- I - _ 1 1 _ ^ j,.« -I- I ( I'tw r -t- j — I H’OH ' 2 m 


l+-' 5 '' 

Hinliirri I 




r I I . t .» 1 o 

JJ 2 o !U 


2 f'" 1 I 

(H) Hiiih X »« ■-* 7 - coimti TT I I ■■'*’ 0 ‘tiHli’r -f' I 1 vtm x 

IT „ •* ** 


(ii) 


f- iriiMli tr I M*im "j.* 

•» 

i/I Hill |.IV { ' 1 ri»4 .r 


mv 4 i -n- I'. I I rtni. Hr •}'- 


/J/i^ 'J* 


’ /i^ - V J 

If ^ in II friiii.it ill. 

2 it Alitioiiidi any f'iititii*iii *%iu Iw* «'\nri*H^. 4 r-i| iKih irn a hiih’ fii’rirn iiint ii .4 a 
coHiiii* mill tli*^ fimvtum aii 4 nllior ill !»** o*|ii.il i*»r xl! v.iIih’m of 

X lniworii /,rr«» unit w, tlirro tn 11 iliHoroiio«^ in iIh’ tiio ■Hi'*rir ^4 fur ollirr 

Vlllllt^S Ilf X. 

Until i 4 iiiii«s aro |w^rir»ilir fniiiiotiiH of x liaviii'^ tlir |»inisMl *y. It llpii it-o 

lii 1 / «|iiiil tho i 4 iirioi 4 ill i|iioHtioit aii<| ooiiHtrmi iho iitniioii i»f tli«* rorn^^liotpl- 
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DEVELOPMENT IN TUKiONOMETUK* SKUIKS. 


I Amt, 20. 


ing curve which lies between the valucH ,r = tt and ,r - tt t he whole 
curve will consist of repetitions of this ])ortiou. 

Since sin mx = — sin (— mx) the onliimtc* eorrespoiiding !«> imy valut* of 
X between — tt and zero in the sine curve will Im» tin* nt*gativt‘ of tin* iU’dinate 
corresponding to the same value of ,r with tlu^ positive sign. In other worda 
the curve 

y = (ii siTi X + 'Oj sin 2x 4- sin d.r | • ( 1 ) 

is symmetrical with res])(‘,et to tlu^. origin. 

Since cos mrr- = cos (— //or) th(‘ ordinah'corrt'sponding tt» any vahn* of .r 
between — tt and zero in the c.oKim* curve* will he flte same as tin* ordinate 
belonging to the corresponding positive value cd’ .e. In other words t!m etirve 

y = -j- hi (^OH X -f* hn cos *2x -h ^*i\ cos .'l,r j • • ' (2) 

is symmetrical witli rcs])ec.t to tin* axis of V, 

If then /(.t) = —/(— x), that is if /{x) is ati f»iti hinetion the sine mnaes 
corresponding to it will be ecpial to it for all values of x between rt ami 
except perhaps for the value x = i) for whieh the m*rie?4 will neta’SHurilv he 
zero. 

If /(a;) =/(-~ir), that is if /(;r) is an cm; fumdiem the eosine jneries etu-^ 
responding to it will be ecpial to it for all values of x between x - tt and 
a; == TT, not excepting the*, value a* 6. 

As an example of the didenuuu*- lud.weeu tin* sine and c’osint* developmentH 
of the same function let us take*, the sc‘ri(*s for x. 




Ciur. 11.] 
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Both eoinc‘i<lo witli // = x fr<»m x ~ 0 to x =, tt, (3) coineidaB with 
y r=: X fnon X -- fr tu and noitltor aoinaidan with t/ — x for 

vahioH of X h*sH than — tt or grt*utrr than tt. Mon4m‘r (3), in addition to 
tha contimuniH |Hndh»nH of tiu* loaun ropronantod in tha tiguris givaa tha ino- 
latad poiniH (— 4a. 


30. Wi' ha.va Hoait that if /pr) m an mid funaiion ita (ii^valopniant in sina 
Ht*ri(‘H hohlH for all valuan of x frtnii -• tt to tt, an dum tha davalopmant of 
/(X) in atmina aarii'B if ,/ix| in an aa#vi fuuation. 

Thtw tha davah»pnnnd?4 of Art. U'thnn Art. 2ti Ktn. {*2), (4), ((V); Art. 2H(//) 
Art 2H Kxh. c.'M» (Tn t*dl ara valid for all viiIuivh of x lM*twa«»n ’-«■ w and tt. 

\nv fnnation «if x aaii l»* ilavidopad into a 'rrigoiioiiiat.ria Haria« to whicdi it 
in afpiul for all vidnvn of x haUvaan - w and ir. 

la'i f\xl ha tha giviai fiiiialioti t»f x. It auit Ih' anpraHHial iiH tha sum of an 
avail fuuation id x and an tnld tunaU«»n of x hy tha following daviaa. 

ri-^o I- fi XI yhn -- /( - x) 

jix'i ‘ ■■ r • '■ ' ■ 0 ) 


idantiaallv; t*Ht ^ ^ n4 iiol rhangad. Iiy ravarning ilia sign of x and 

is tharafora an raa« luuatnm «»f x; iimi whan wa ravarna thi' wign of x, 
irt idlhala*! only to tha aiiriit of liiiviiig ilH Higii ravarsad and 


is aoiisa*|iiaiit I V an ♦»l»l Iniiafioii of x, 

Tharafora for idl valiu’^ of x - '' w iind w 

Jixl f ^ ^ jIj. • 


^ 2 £* h I I ft X i * 

whara ly., ■ | * *'»'»^** * 


iiiul 


/I.XI - di X.I 


a. f*ili 


X d' »^ri *Jx 4' dx + 


whara 

4^ mid rtn* ami luiiiphliad a hn}a 


/•fori ■ fi ’ XI 

I -• - ■ - ■ mti f«x.»i,r . 

I 




4" fv'-‘ X I 

■ - • " - III 

2 


,r,d.x 


* • 

I* fi .1' I i'om iiixa/x t' I fi X I aim wixx/x J , 
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but if we replace x by — x, we f'ct 


TT » • 

^ /( — MX,dx = — j j\x) rrw iHX.tts I r i *•11^ w.r.</j 


and we liave 




In the same way we can redurt* Ww v;ilur ni ft 


j J\x\ Hi 


Hill mxjix . 


Hence 


fix) = - /»(J + vm X vm *Jx j A, r.r, :j , t 

*4" fk Hiu X 4" ^^^nin l*r | *t , niu < » 


I / • I /* 

~ ^ I wxjx j k 

TTj tJ' 


it i f’lrt It Hi f/|| , 


I /* , . I 

" I /(x) Htn mxJx i kifi Htn ma da 
r,/ IT J ‘ 


and this developnu^nt holdn for ull ut r iM-tus‘rii ?? .umi 

Tlie second member oi ^1^) in known .uh n 


KXAMII.KS, 


1. Obtain the following' tUsvi-linHui'iitM, all nf wtu.-h .ii.- lah.l ifui 

to X = TT :~ 


( 1 ) 


2 si nliTT rl 1 I I 


X f" i*o.H *J.r - r» rj 

i» h» 


, ^sinliTTrl . 2 

+ — ^ mil .r ^ mii 2i- I .III a 


/(*)=!--[ C 08 ■-• + - • 

4 ttL ^ ^ r^a ? 


4- ~f _ t Hhi :ir Htn ix 


I 2 


= 


X ■ n t* 



Chat. IL] 


EXTKNSIUN FtHMtIKif.S HKIUKH, 


4S) 


(•») A-r)' 


Htt , 1 

10 7T 


i 1 1 

j j '■'« •'■ + ''OH ‘Ir + .J,, «)H 4 - <!i)8 Gx 


f ", ''HH (i,r 


+ 


Tf 


(f <) 


HI It .r 


*lw 

4^ 


:iw , 

h' 


silt 2.C + + .|.,)Hiii ; 

^ ( 10 " — ] - 


wlH*n^ 

/(*»•) :■ 

a* front * 

I- . ■ 

■ If 

mui 

/Fri ■ 

7r 

fl'ililt ^ ■ 

U, Shii%v ilia I 

furiiiiila 

i'Z\ 

Art, 


I 

fi, f i''| vun (a 

■ ■■■ ih 

whrr*' 




f 

ll. SlifHr that 

fiiriiittla 


All, 


/I 

1 *‘i Hill 1 ,r 


whri'i' 


I'" 

m 


f 

;u. 

Irt «ifVfl 

ii 

i’lilii 

i nni 

iniHinvt^iiinif in 

Iw’ ll**lil 

tt'lllllll tii 

I, ft ii« 

Kl’l* if « 


III*!# 

ni t Im 

I. ft 

It In’ tVi 

|iiiri’4 hi 

. 4rO 


whirli hIiiiII « 

’final hi 

l\ -X J 

|u| 1 

luf r«*iliii’i< a u«*w vaiial*lr- 


wluiii 

in r’i|l|iil I 

:*» w ll'lir-li ,# 

/|.r| 

r(' ] 

1 ririi l»i’- »li'0 

> r-ls^M 


- \ w ^ 




Wi^ 







\ i . 

. f ^ 



j{ 

'< ) ,, 

^5 <■<*% 


\w 







f ^ 

^ -ilU 

wlii^rt! 



ii 

1 


TT 




tan 


I.ill 


W illiil 


.lint !.o w m-'liini .r 


X r i*, n.H :k i- ■ ■ • ^ 

i .1. Hiti rh ‘ I 


i ^ i , 's :i 3 J 


(■'(- ) 


.1.? . 


! I I 


I - i 
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[Aut. ;!I. 


and 


“-“x/Ki-')” 


ain mxjiz * 


(••i) 


and (1) holds good from jss = •— tt to a; r= tt . 
Eeplace z by its value in tenna of x and (I ) iHannu^H 


1 


TTX 


ZTTX 


f(po) = 4“ COB — 4” <’OH - -f 4.J rna - { 

, . TTX , . , . llvx 

4“ <h sin H «ni 


0 } 


The coefficients in (4) aro tlie aiuno aa in (Ik and i h Indda Irtmi 

X := — C to X =: C . 

Formulas (2) and (3) can bo jnit into more' convrnii'iit 


in TTX rr , 

,/* I nuH 

r r 


or 


•=j/« 


MTTX , 1 WTtA 

COS -J- (lx = - |yl-A) fits - Y~ "'A . 


In like manner we can traimform (;{) info 




s, «v , ’fNTTX » I 

x) Hin ■ ■ (ix = ■■ J j\x) Hill ^ i4\ , 


0) 


(<■•) 


By treating in like fiushiou fcrmulaH (I s un.l {») Art. i.'a u.,.l fur)nul...i ds 
and (2) Art. 27 we get 


f(x) — «j sin ~ 4- f's Hill -f' "s sin f- 

(’ ’ 


where a^ = ~ 

c 


. . rrnrx . ** /♦ 

*) HIU lix 
r 


ly(AiH)ii ,/A. 

r 


and /(a,) = i /,„ + i, cos H 4 . ^ .'ijj- 

^ r 

^ r X/ \ . MWX , 2 /* 

- J /(x) cos tlx = ^ J 


(■' 


(Ml 


(ill 


where 


nmk , 
c« c/A . 
6 


(HI) 


and (7) and (9) hold good from 


.f = () to 


= a , 



CuAI>. H.] KXTKNHION OK Kohuikh’h aKltUSS. 

KXAMrLES. 

1. Obtain till' fiill<»win),( ib'Vi'bniiufiitH; 


(2) X 


frolli ■ i) tit .r I* . 

2i' 


w 


,i,. s ' ,i„ -'If ^ 1 I..; _ . 


•i 


■■] 


tVii-in 

.r 

»’ tu 

V 

r 

iT.r , 

M 


etm — 4 
r 

fruiii 

x 

li fit .r 



'1 \ . 


( I 

- mil 


IT 

^ , iw.r 


^ I ^ Birx 1 7wr 




•I 


?iiii 




, *»mr . 

mil fX, 


■] 


friiin .r r» tn x 

4 , .3 r-^ 


4 

fmin .r 


, ! :iirx I 

vm -■™ ■+ Vim ~ «. i 


4?rx . 

i!c« 4 . 


(4) «' 


an 2 w 


’ Im X 
W.r 


nm 


i' 


, -'ll . -Jrr^ 

r /"I-- 7-7 Hui ■■ — 

r' f- Jtt* i' 


I } 

...» -f- 

♦ f SOr' ^ ...4 ~ + 


■]• 


i I r' f - I r"' ■■ -- I ** 

r 4 Iff'* ^ 


'iT'jr 


I I llw.r 

, . v**n> 

t * 4 w^ r 




( 7 l) /iXl 


fr»*iii X II 1,0 

,f 

, #* , 

4 ' 1 ' w.f 

1 


1 fiiii 

W' l„ 


»iii 4 

** 

If Pill .r ■ ii t^i 

.r . 


1 I tfaUl M ■>? 

^ ft 

*•■ ^ ' r. 


, mil 


Bwr 


....] 
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[Aur. :t>. 


2. Show that forimila (4) Art. .'!1 can lie written 
f(x) = I Co cos ;8o + <‘i CO.S (~^ — ySi) + en.s 

, /.’tTT.r \ 

-I- ^ - — /i,j -f . . . 

where und 

*m 

3. Show tliHit fonmila (4) Art. .'U can h«‘ written 

/(«) = \ ^') ”*■ ("T' *■ 

+ ,vn. ( _ .[.... 

where =(">« + Jui'l fi„' tan ' . 


32. In the foramliiM of Art. .'U r may Imvo a.s yi'eal a value .-l i we pi.. use, 
so that we can obtain a TriKonouietrie Series fur y’l.n tb.it « ill |•ep|■eM.I,t, the 
given iunction throngb a.s great an interval u.s «.• m.iy eh,.,,.,,, i,, i|-^ 

then, we can obtain the limiting form appmaebeil by the .-.ei n-., , t . An, ;!i 
c is indefinitely inereased the expression in tpie.Htii.n otajlit t.. be e.pi.il t.. the 
given fnnetion of .r for all vttliie.s of .<•. Kipmlion 1 11 Art. .’U ran be wniten 
as follows if we repbum li„, /.j, • ■ • ■ ■ • by il„.ii. vilnen j,, 

Art. 31 (5) and ((>). 


/(*) = ■: 


f J!/'(A) cos — 
+ 


ttX ttt , , z' . HrrX r 

(►<)« — (ik + j/(Al «’<»?! ,ix 4- 


~ Hin ^ r/A+ pU) .in .in Ja + • • 

r 

fm dX [i + COB ^eos ^ + sin ^ sin 


+ COB 


SttA 

C'OH 


r 


2mt 


. . 2vk . 

"f- Hill " Hill 
r 



■] 



(’iiAi’. n.j 

/(.'■) Ci 


FOUUIKU'h lNTK(iUAL 


^ J E (X ,1') + ros ~ (X — x) + 


TT UtT 

I (^x *1’) + t*tm — (A — .r) “{- 


{’OH (A X) 4 - foH ^ (A — x) 

HlUCi^ COH (•*“ </») » 

/(•'■) == / /'(''•)"'■'• 1 - ^ '■>•« ^— ™) (A -■ .<•) 4 - ^ COH (A— x) 

tt Ow . . TT ?r . 

»L . t.(,H /X — .r) + — i*OH — (A •— ir) 
r r ■ a r ' 

-{* C*UH (A — x) + * * * J 0 .) 

Ah /' !h iiifit»!hiit4ily itirri’UHi*il thi^ liiuitiiig value appraiuihed by the 
parc'nilieHiH in (I) h 

( ruH #i|A — x).t/a. 

*»/ 

lienrt* iln^ limiting form ji|»f»r«mrlii*it by (1) in 

j |yiAn/A J t*nH «{A — x)jia, (2) 

mW ^ 

mnl the neenml nminbrr ef f2i iiiuhI Iw ei|nal tc» /(.r) for all vahn*H efV. 

The d«mble inti‘gnil in Tij in known m Ft^itnrrn Ifiittjml. and niner it in a 
runiling btriii of Srrh^s it in Hiilyoet to iht» name limital'binH uh tln^ 

Thai. i«, ill nnb-r fliai (21 filiimld Iw’ true J\x) mnst br* finite, eimiiiiinnm* and 
single Valued for all wiliiesn nd x, i>r if tiiH(*ont'innouH» inust have unly linitt^ 
diheuniiniiif ien.* 

(21 hi .i4iiii}«*t iiiM'H given ill a Hligbtly diflVrent b»riii. 


i* 

Sinei^ I I’lm HI A >r h*iit 

and 


3 I eiiH fi|A -■*’ x),iia 4" I xjjia 


f..., 

e4 ft i A * 



- « (( A ~ x).f/(— ft ) •- - ■ ( «H»8 

J 



J 

* 


I A 


» 

? *jJ eim fi(A x)jiu 


* Hi*e «*li piiU*' ‘'H. 
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development in TRIOONOMETHIC HlCiUEH. 


and (2) may be written 

00 00 

/(*)= 1 j'f(\)dx |*C.<)S a(K - . (3) 

Jiao » 

IE f(x) is an &ven function or an odd fniiction 0 can ho sf ill furihor .simi.li- 
fied. 

Let /(*) = — A- •'•) • 

Since the limits of integration in (.“<) do not eontaiii « <ir A. (ho intogrations 
may be performed in whichever order we (dioost*. 'rinit is 


K’ow 


00 OD 

J/(^)<^^J^C 03 a(X — x).da — j da j/iX) oos a(A — j-).dX . 

X 0 (f 

0 »* 

J^(\) cos a(X — x).dk =J/(k) <‘0H <3t(A — a(X . 

^QO — ■(» t» 

0 0 

J^(X) COS a(X — X) cm^h «(«— A .r l,f/( — X) 


and (3) becomes 



<‘tm a(A + ^r),t/X 



0 (I 


{»',m afX + x)].^/X 



sill aX sin ajrj/X 


^ I a.r,iim . (4 1 

<1 u 

If f(x^ =^ 1 ^— x) (3) can bt^ mluctnl in like ma!un»r to 

/(x) = - J ccw aX tnirt ttx.iia . (fi) 

0 « 

Altbongli (4) holds for all values of x only in vim^ j]xi is art *^iti fniirfiHn, 
and (5) only in case f(x) is an evm fmnUoin In^th (4| and (fii lidit fur all 
positwe values of x in the case of any functitnn 


EXAMPLE, 

( 1 ) Obtain formulas (4) and (5) directly from (?) and Art. 31, 



(UIAPTKll ITL 


Cm^VmUtKSi'K OF FnntlKUH HKItIKH, 


3.1 Tht"^ qiK'Htion tif tin' nniivTf/nifrr «if a Finiriin**8 Horiim in altop^hnr t(K) 
largn to i)o c’oiiiplotnly in iin rlioinaitary troiitino. Wt* will, howt'vt^r, 

eonniiltw at^ minm Itoiglh uf iJin iinmt iiu|H>rtiUit of ilio Horinn wn have 

obtfiiucil, tiiinu'ly 


4 r . , niu n.r Hili r>/ nin T.r 

mn .r 'p ,, -f- .. - i'-* ™ + 


, [v. (3) Art. 3(>(A).] 


aiul provo tliiit for Jill viiliio?! t>f .r lirtwoHoi iitnl tt itn muii ia al»solutt‘ly 
pull tti uiiity; tliat bh tliat tli*’ liiiiil ii|i|iriiiwliod l»y Hit' Hiitii of « turiiiH of the 


i»C 

Beru*8 


aiti .r 


» m 

•}" ?oii *2-r ^ win 4' ^ lUuIm ^* * * ‘ J ^ 

ns n 18 iiiili4iiiit-olv iitrrrasoil. I, |tri»%-ii|ril ihal .r lii’g !n4-wonit im<l tt. 

Lot 

• ■IM ** * ^ 

» « I fiili ,r f *2r | mn f*i!i lU | ^in 3«.#/fi -f** * * • 


-p fit It #1 r I niii lifl.tlti 


(1) 


Tlinri 


2 i* 

u 

“il' 


sill rt »U1 < }■ nui 'Ja .till '.' i- }- sin .'Ui xiti :ir + sin na nin wj-Jr/n 

, i ~ )i« 4' .t I 4’ ****^ -M» — .I- i — fi« -(« + .*■•4* ■ ■ ■ 

’I" rsifi III II '*■* .t ‘ 


Hm 'i if 


I mn 11 •L 

id 4 ^ i .'..t.'Sui . ' 1 (-!•..> .lid — y)]rfa 

« 

i |*[r.»S (.1 4- r » 4- !•,« 4 • t 4 . .'Jirt 4- ,r I 4- • • • 4- «H1 4* . 
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CONVERGENOE OE FOl'ItIKl! S SKKIKK. 


lAii r. ;!4. 


Therefore by Art. 20 (1) 


0 

-i/[- 


.1.^1 

*> ' o 


sin (2/i + I ) 


a ■— .r 


sin ■ 


fia 


.i+i 

*> ‘ *> 


sin (2 h -) 1 


«4 .<■ 


Htn 


s. 


^ »8in (2 m+ 1) — 


* -i_ r 

27 rJ 


Sin • 


a — jr 
' 2 


f/a ■ 


-r 


‘ sin {2/i I I > 


/a. 

(t -j- X 


• tia • 


Mil 


In the first integral substitute j3 for — anti in the seeoiul integral huI>* 
stitute j3 for . 


We get 


n- 2 

2 ""a 


1 1 

ttJ sni J3 ttJ Hin /I ^ 


sin /I 


(-0 


It remains to find the limit appromdied by <S'^ us « is iinbdinitely iiiiTi'iised, 


34. : 

, 1 , 

Hin li ' 2 

Jot 

8m(2n + l)B , , 

2 sin ^ — -i- + <’OH 2fi + eon 4/i - 4 - • * • 4 * mm *2Hfi , hj Art. L^O. 


and 


u 

j eos 2kf^,<i(i^O , 
u 


Let us construct the curves 


Hin (2ii 4- Dx 

Hin X 

We have only to draw the curve // nin CJn 4* t Ir anil ftieii in diviile 
the length of each ordinate by the value of the mnv i.f the nirreMi.iiiiiliiig 
abscissa. 

In y = sm (2»+ ly the snet-essive uirhes inti, whndt tb.< nirv.- in 
divided by the axis of A' are equal, and emmeijuently tlndr ansis un* .■.jii.i!. 
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CllAI‘- III.] 


Kl'MMATliiN (IK A MINK HKHIKH. 



Hii.'Ii aicli lijw f(.r its altitude unity and for its base 

TT 

I ‘ I Hvnuurtrlful with rcHp(M‘.t to tliih ordi- 

iiati’ <»!' ilH hif^dn'Ht (ir lowt^nt point.. 

If litiw \vt* form tlm curvn ?/= Jlf from 

' Hina* 

till* furv-f // . Hilt |L*;/ + l),r, it m oloar tliat, ninco 

ain .r inrri‘ii.Hr?4 HH ,r incri'jmoH from (I to tln^ ordi- 

imto of any point of I ho now ourv<» will lu* Khortnr 
iliaii till’ ordiimtr of tin* oorroH|Mmcling point iu the 
prori’diiiK" ’*irvlu and i\mi roirHoqnontly tho an*a of 

oiirii aroh of // ' ■ „ ■■■■■« will ho Iokh than 

am X 

tliii! of tho arrli hoforo it. 

if o,,, i-q, #1.3. • • ■ j tiro tho aww of the siio- 
vvmiW'v arohos mul tinitiif f.ln* iiironi|itet4MiiTli tmni- 

hy ll'ir* iifiiiiiiilo i’orrnt 4 {«iiidiii|C to x 


roil 1*1} d* I 

' '■ — nj 4 ng rig + ■ 


?t||i X 


lliif 


? 

will imn 

mil 

r 

stii li ' 2 

i IrliOi' 



’If 

0 ., 

# 1 

.1, + — 

0 * 4 tq — ’ ' » 4 iwn, 

«»r 



w 

;|| 'I- tfj 

-f #1^ if It ii tjdti 

'Uirrtr 1 - 

*|li4ltli»fi#i 

jin Im» ii'riii«<'ii 

ir.'.- ... ,? 4 , 

f n* 

1 q . ^ tf , 4 

! ! 

If, t 1 

■ • ■ 4’* - „ 1 +■ ««) 

if n tn vM" 

II. and 


- ■> , f * 

, 1 ^ 1 Oj 

+ 

1 

t 

'W- 

t* 

f . 

,(K a, a f 

, . , . ^ j 4 - 1 ) 4* (“** 


if n in 
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In either case each parenthesis is a (juantit.j sinoe 

flo > «l ^ > "» • • > 

TT 

and it follows tliat is greater tlian - - 
Again 

rtr.Q — + (jt. — a,,) -f — a.) -I + s) + 

if n is even and 

TT 

- = «„ — rti -1- (tt.j — «„) + (((< — (r„) -I (- 1 >/„ , — I 

if n is odd. 

In eitlier case eacli parenthesis is luisitivt' ami it fnlhjws fliat 
less than ^ . 

Since 

(fa > 7, , 


ao and I’roni - by less tlian they diiTm* I'rMiu rarh nilim 

is, by less than . 

In like manner we can shew tlmt ami ^ -f dittVr 

TT 

2 by less than and in (Tfucral that -{■ < 1-3 — " x + ■ • • ± « 

from - by less than or (‘vmi that 

(f^) •— //j -f- //.J — „!»».. ^j;.; I* 

... TT 

dilfeis from by 1 (\hh than no mattor what, tho valtjo of prirvitir 
greater than unity. 


35. From what has been proved in the last artirle it IuIIowh tliat 


i' 


sin (Lb/ + 1 |.r 


«m a* 


//»r , 


where Hs some value between rrVf *w«l differs fr..u. bv ! 

-//“pi 

the area of the arch in which the erdinate eff ,, ' ' '' 


HSIl .r 


vutti 


ingto x — b falls if this ordinate divides an itreh. <.r l.v le^s ih.i-! t 

of the arch next beyond the point (4, 0) if the curve en.'sHeK ti.e axis 
that point. 


• //| h 

that 

t rnUi 

iiftiO’.A 

'll /I u 

i li;ili 

■ 

• ar«*a 
A' at 
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BUMMATU^N OF A SINK SEIllEB. 


69 , 


TIh’^ area of the arc»h in fftirHt'uoi ia Iohh than 


TT 


*ii + I 


, its base, trmltiplied by 


Bin 


(*'' -Jh+i) 


- , a vahio KreaU'i* iluia the leni^th of itn longest ordmate. 


Bin 12/1 + I ).e 

Bin .r 


Thartdorc^ i 

^ / 

(liffi'ra from | hy 1 «'hh tliiui ^ --- 


tiji 

I 


If now 


« IB iinlotinitelv inerriwinl 

JM “r i . "yr \ 


zero iiH itH limit, juhI wo (iot tho vory imjH'rtuut roHult 

h 

lilitil r + j Kr 


m & m 


if o<b<r,‘ 


» # 

if I 


*1 TT 

fix w T; 
111 II X 2 




appmaelias 


(1) 


36. (2)] 


! /* Hit. (•.*« +2)|i I , 1 1]^ _ 

•n-.J «<!! /I tr.' !<iu/f 


I ^’■»ill j I' 
ir,* ttui fi 


»///+ I 

IT % ^ 


1 -'b IVJ 


Bill |l 




w** Bill# 


Thin Ifml viiliie f*»r imhi I*!"* i««iiiirw}iiil nifiipllliwb 
HiilwHtillilig y ’• |l net 
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COKVJCROENC’K Of KUUJUKUti hlilUIiti. 


Substituting y = ir — ^ in 


J sin /i ^ 


_yk.t^.jlll>)',,, pi" -I, 'VI,, 

J sin/J «in7 >' 

IT ' 

2 5 t .i 

jr ®* 

J siu/^ %* hlU^i 


Plence 


2 rsin f 3 «. + t)/i ,,3 1 - IM 


ttJ Hiu^ 


"'+ii 




^»iii 'j- t 'S|i 


:nn^i 


! siu/i ^ 


hy (I \ Ait. 


-ii±i}j},,jf\ 

im/i 


I ^ if ()< i- < ■»■ by { I ) A i 


limit if 

^=ooLJ Hin/i .J - 


< -r < *r liycliAi't, 


Therefore liiuit 


4 r . , Hill 

- HIU J* + * - ^ 

TT L * > 


, I I _ I ... I It II 

ir , Hilt r»i‘ , •ill I 7.r 

^ ^ . j... 

«i I 


for all values of u* l)t4.wcn*u 74*ro iiinl it, 

37. By a Homewiiat Ioiik" hut imt i*?i|ii*ri;il!v <hfr^-u:i .‘tf.-u !l.r ■ 

soniug just given it euu Iw* Hlonvu th.ii if fin r, v.'ii ./.■ r 1’ .lu-l y? 
beWeen aj =:-— tt and and lia.i ,4', 

tinultles and of mfU'imit unci mutufia Uriwri'n j- --• -■ .lU'i j ?r 

Fourier^ s Serm 


2 4“ eoH jt '■'b /i. iMiH L*..r ’I’ 

4 * sin X “f n'm Hr 


, -aii .w 4 ■ • • 


ClIAF. IIL] 


DIUICH LKT'b UUNDITIONS. 


t)l 


whore 


and 


1 

* 


‘ r. 

I /(«) HIU UHlAia 

r 

» 

V 

(MW maJa^ 


ami that Faiinarn SrrFn *aiif/ in iM(tiul in J\.v) Uiv all valtK^B of x 
X i TT uud X IT, rj't'rptuitj fhv aatat'H af* x Via'rvHfHaHluitj to tha flanroa- 
tiaiiitirH iii j\x), aad tlu’ vultira w umi — tt ii' /{rr) is not tMpial to y’(—7r); 
and that if <' i * a valtio <»! x fi»rro.H|HMuiing in a (limMjniinuity of J\x)f the vuluo 
of ilio ac!ri(‘H w1h‘U x r \h 


I liniii ^ . 

•I t Cl 


«l .}* ^)j . 


and that if in iint tM|iui! In tt) tlu* valtio of tiio mmm whou ;r » — . 
and whou x ™ w la 

\/i — w) d\^c'?r>]. 


li ,/c*0 fiat imI) iio-t iho I'lJOilifioio* iiaaoMl la tho priMMalia^ panij^niph 

ax(M*|»t fora Inof*’ niiiohi’i of nf .r, brroiiiOM iotiniit* for tlawt* valuon, the 

H«'ri(’H in oi|Hal to llio luii»io»ii for lla* \.ilii»w of x in i|tioHiioii piMividtMl 

m 

L * 

that ( ilofmoiiiatr. |V, lot, Cat, Arts, K»l and iSJ.) 


MK, 'riif* «|isr-itiiai of tli»‘ rMiivorgiairy of a Foiirifr*^ Horiiw and tho rondi- 
tioii.H iiiidor a liisdi a Ioim'Ioo} uias I*?'' doii «do|»oi| in hiirli a .Horioa wua tir.Ht 
iitlaoki’d laii’rt-s-') fully h% liinrhha m and liin roindaf^ioim Itavi* liffii 

«'rifiid‘^iMl mid r%frndrj| In luu! hruiyi! nuaij-H, iioiahly i»y UnuiiaiHi, 

and ilu 1323 us»l. It iiinii h*^ iioloil tlial flu* rrit iriMiiiB folato 

tioi III ftllf'fir ir l»iil I ^ j f hs* -nf n^l I htisdilrl roiidif iollH. 

All r%ridli‘lit at fly .1! ui *’ *4 flio Hiihjoii ih hv Arttohl 

Siirlif^o ill a »diiuf t ;ii imu jmldi'dit^ti In Cdiiitliii'r Villar?^, l*ari?^. iHHfl, 

oiitilli'il ** Ivi yii 1 1 u|u»- ^;ui Li U«»|»rrf^i jiiatusu *1*11111^ Foiifiduii Arliitniiro 

(1*11110 fliislo iiill.ililf’ p,%r Ulir 44 4ro||Miiudrii|iii%** 

fill. A M*«»d df'ril o| li.Lfl 4 o» fhr<»wii tlo’ of triKoiioriiidriu 

wrii».fi liy ill*’ lit! I -III 1 4 to rs uin! nu‘l iho ruinra l•llrr*^Hjlli|^t|||l|^ to 

iliiaii. 

If mi» riiiodrii*'! 1/ a. x iUid ♦/ ?♦.; -^iii «,r ainl ii*ltl liii* onliiiitliw 

of tiin |iiiiiili iiii'i iiig llo" '-Siiao’ idiUiiii |w»iiil.§ oil llio nirve 
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CONVKIUiKNCK fiF K'H Kir.lts 


;t». 


i/ r=: r/j .r ■ f ■ '-ni 'J r . 

If now we con8tni(*t //“;:= r?., hi n Mr ;iu.i ;i4<l flj»* fn f, hunt! of 

2/ = ^isin X -j- «3 Hitii Mr \V(‘ shal! i ui 

tf ZZZ ill "I* j 

By eontimiing thin proecssM wr g**! Nsifrrs*iiv»' appi nu -n-. !*♦ 

//=:^/j nin X + -•*’ t * \ ■ n i .> * * . . 

Let 118 apply this laetluHl to u hnv ul tli*’ nvut-i lUurh U,i%-r nhiaiuril in 

Chapter II. 

Take 

y = sin a* + ^‘ Hhi ly 4* ! nin fi.r 4’ ’ * * /j j 


w 

= 0 when ^«s(I ^ from .r n f,, r ^ 

V. Art. 2() [/0](3). 

y==l?^Hin a* Kin Mr 4 ,^50 o | mm f. 
= .r from .rsssn ti» s ^ - it , .*04 «» h,-?;. 


Art. 2()[^f](4). 


_4ri 


filll / — «iii M,r -f ^ ^ mil , 

.1* .r" 


= .r fnnu a-M. (I to j* 

Art. 2 G [r]( 2 ). 


* , oU*l n hr 


1 . , 2 . I I 


U r - TT , 


(-) 


(.Tl 


<0 


■I' - r. 


— 0 whf'ii .rmlt, frmu r > n t.. r ^ , .u.,i u :i..i.s , 

V. Art. 28 [</](2). 

It must 1m» lK»n«< in mi«.i tlu.t ..f ih. :,,. „h. ,j,„ 

period 2t, and in Hyintm.triral mu), r. «)»-. t i.. u,. ■ ,. 

. ThefollowiiiK fiKUren I. I!, IH. ,,,..1 IV 

tions to C!a(‘.h. of theiif! rtirrei, 

Ineardi figure the rurve ,, .. t)... a.- ...... . ..... .... ». .n. 

axe drawn j*., 

corresponding to the U'rm ta 1„ added an- .l,..u ... 4 . 4 - 
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PIlorKHTlKS OK KorUlKtt’s SKUIES. 


(>r> 


Figs. T, n> in, luul IV iiiiniiMliaifly Up' tullo\riiig facta: 

^a) The ctirvo ’uig earli apprexiiuat itai ia (Hniiimious even whi‘U 

the eui’va re|in‘aeii(iiiK tht^ M*rifa ia aiH(’uiitiiia(»ua. 

fl) When tin* etirva iiig ilu* aarifH in tliscentinuuiiH tlu‘ portion of 

each BUc‘ci*sHive apprnxiniatf etirvo in the nrighhoriaMui of the point whose 
ahseissa U a valtn* “f .r l»»r wliieh the Heries eurve is iliHoniiiiuanis a|iproaehes 
iU(U‘e. and more in*aiiv a htraight line pt^rpimdleular iu ihi» a-xis of X and (sae 
ueeting th«' ai^parate piain.UH uf tlte ^adeH eurox 

Utr etirvivH lepj e‘»iai! in:r auerefiHi\e approximations do not mMasssarily 
temd to lo^ie their uav\ sdiaraet«nx Minrr ea<di is ohtained from tla‘ preceding 
hv anperpo^dna iip<*ti ii a wave line wlnme waves are slmrler (»ai*h time hut 
do not neei-eainlv lo-e' tliidr almipiieHS iif piteh. Tldn in tlu'eaHe in Figurexs 

I n, Htid IV, In Fig, III the wa\ie4 Ilf file miperposed eurves grow rapiilly 

flutter. 

It folhova from thin that in nueh eU'^es represented in I’dgnre.S I, H, 

and IV the ilirerfem i*l the approx iiii.tle eiiiae at a point Imving a. givm* 
uhneinHU d«»es no! hi |.tiaier.il appro.irli the ifireetioii nl ihe series eiirve at the 
(.tuTespomliiig pmii!. or iieh-«-d. appro.irh an> hmitiiig vidmn as the approxima- 
tarn in mmle eho.m- and I’horr; aiel ilia! the hmgtli of any portion of the 
approximate niiwo %u!l not lu Konmal approaeh the length of tln^ eorrespond'* 
ing porti«»ii el the Mr'fifi 

Anahiteally tlo-^ aniMiinf to tha! the liiaiv.it ive of uJ'ltliefion of .r 

emmot'in i4»meral he Mht,iin*'d hi ilillraeinnitiim teriii hy term the Fourier s 

HtU’ieS wliieh repre-soiif N lie- I nor! loll, 

(f/-| The area h-otid.-d hi a eii m Mohiiafe. the applox iiiiate mirve, tin* uxix of 

ull appto.irh aa hiiiil f he rorreM|Mil!dillg area t»f 
I’ I’j r-jUi! iloe ei‘» lirlileelt the nrililiati’S ill 
.1 |«iiiiidrd h\ the nni’U ord imil »% I In* HerirH 

and a hue |ir’rpendieuhir to the itxis 
el lie- rune if file hlttiu* has a 

|!i s|IO'n|oar 

or ili.d the Series l•l♦rrf•spo|jding 

ifrdi iniu lo and the resulting Herien 

*• inn'll « lieii the is 

!|-:,e fan..-lieri rairvs* is euiiliimoin a mtrve 
inviiU^^n mil U’ riuiliiiUoUH a!iil xull not 
^ mhih-if file fuiiiiioii eiirve U ills* 

■Hudjoe !!,r iiile-ral will ‘dill !«* eofiliiiiiniis hlit Will 


Xund any see-. 

iilld 

dOijJe 

II ill a|g»i 

the Si’lieri I'iir 

% e i! 

the 

^1 o-'i rill 4 

iptestioii ; liod 

%mI\ a; 

Ig.lM.ie 

h the aO" 

rurve, tie* axn 

«d V 

.on 

r,-M|oi «OVl 

of X uml JelllHie tie 

’ S-rpiU 

.-de 

diHeontiiiHit V 1 

M ■ f e « ' 

n f lie 

4 0 4||0,if e-; 

Anal) Ileal lx 

lliei . 

U e ■ ' ' o 

! 1 • S. \ 4 

t«i any giviui fuioie* 

O * .Oi 

!«’ Udeei , 

will reprrselil 

til*- 

ri 1 ! < ’1 

.d e! Ill 

dixeoiiliiiiiotiM 

,4 lol i'.il 

Vtd H:ir 

We liia\ liiU 

Hi 

p.i'-vi.iO 

d that :if 

rr|ir»e4iUilllig the r.\ 


*4 Ue- ^ 

ehatig«* its dir® 

--rt oOi 

aIh o|»- 

lU at air 

eontiiiiiiiiis thr 

‘ rUl' 4 

■ IriO's' 

■H-ntjoe 1 

olyiiigi* Its iiir» 

‘i't eei 

•ihl up^ 

ih al P-; 

the giviui liiiie-lioii. 
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41. Ii> gf'iK'nil if we ilitTiTfUtiatc a Fotirior’s SoricH 

A' » /»„ /)j COH x + <'aH U.C -f /»a COH ;5jr 

Hiu X + *Jx 4 * 1^3 niu Hx -f* * • • 

we get 

— /ij mn X — l7ig mil 2x — m\ llx — • • 

4- rim X + e<»H 2x -f* i’cm * • * . 

l)H^rentiat« fiKain iunl wi* 

i*i Vi m X ‘ t'oH L*r — IV %^^ cmih llx — • • • 

— #i| niu X lihi 2.r •— ;r¥i 3 Hilt :it — • ^ , 

We Hee tliafc i^arh liiiir wr iIiiTin-inif iatr wr iiiiilti|»ly ilir rorfllrient of sia kx, 
anti of ros kx l»y k wtiilr tlir Imin hIiII iiiviilvim eim kx or hiu kx^ 

Hineo the iteriim 

oi»‘4 X ‘4 iMiH *Jx ‘'I” ruM »l.r 4 * * * 

• j ’ ?oij X 4 ‘’ •-#’ f' •J.r 4 ' * * 

is not rtiiiferK'rnt, aii4 ii hituiirr’s Si-rifh t-irnwr^^vn oiilj lnwuHo its eorflieienta 
ilrerriise iih wv H«lvaiiri^ in tlif» flti^ ililToreiiiiiitiiin of a Fourier’s 8ories 

must iinikr its ruuvrruriir*’ |r?^f4 rit|ii4 if ii ihfTH imt iirlnully tleatroy it, and 
tif thr |.r«»ri’nH util iiMiially rvinituitlly iiuiki' the tlorivtsl series 

iUvetKr. 

It is to lie olmi’i'^ril III. it- tl»«’ ih'tivi^ti un^ Futirier’s 8i‘rieH, liuf, of Htniicw 

what H|irr ill! fotliu Ifyit i‘» tlir\ hirk tlir ■rulistaili trniu ^v. Art. 

If now" wu IsilrHOsit*’ a F*niis«u-‘r» 

ka 4' ^' **'"’* 4" *l,f 4"* ' * • 

4’ *oit .r 'I' »-*' 4* o, »iii M.r 4 * • * • 

vn gel C*4 ^ “i' ^*1 **' 4 n *Jr 4' i sill *tr 4 * * * 

t .. t 

If * vtm M ■-■■ iia i'iVk Zx * fl,riiS »i.r ■««•••*„ 

i f "* f 

6 Trigitiioiiiolf ir It ills'll ra}»itllf tliiiii the giwii ioriei, 

ll is 1*1 ti|»%rrir4 Ilia! iii»^ nht4iiii«^4 liy iiilegratiiig 11 Fourier’s 

Seriei In not in nmr-riil a Fxamiu'ii ow-ing l« the jirimeneii of the leriu 

(;%7 Art *lnj 

42. We lire tioiv tvmh i« riuisi4i*r tlw' roiulitiinii iiiifler whieh 11 fiineticmof 
w eiiti lie i*i« I* »| *#*■«! a F*»iifir r wIitMe t«4riii liy t#riti ilt?ri%*atl%7f shall 
be ia|nal to llni ileriiaiivt? *4 ih*^ fiiieinui. 
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CONVJSUGKNOE OF FOUltlFlfs HHKIKH, 


Let the function /(rr) Scatisfy the conditions stuL^l in Art. :I7. T\m\ there 
is one Fourier’s Series and lait otn*. which is tMjtml to it. (‘all this H(‘rieH K 

Let the derivative /'(jr)* of the ij^ivini function also satisfy the conditions 
stated in Art. 37. Then /'(.c) can bt^ (\Xj>r(‘ss<‘d as a Fourier's Studes. Ly Art. 
39 (d) the integral of this latter st‘rit‘s will lu‘ c(pial to tin* integral of 
that is to /(x) plus a constant, and oiu* inb'gral will In* equal to J\x}. 

If this integral whicli is in‘.(jeHsa.rily a 'Frigononnd-ric Scries is a h\niri(*Fs 
Series it must he identical with K It will be a h'ourit'r's Series only in <‘aHe 
the Fourier’s Series for f\x) lacks tlu^ constant ttnan | 

ir 

But ^(1= “ by (.'() Art .’{{). 

■ w 

Therefore Jo == “ [/('T^) tt)]; 

and will be zero if /(tt) =/(•— tt) . 

In order that f(x) shall satisfy tln^ conditions Ht.aital in Art. 37 y(>) while 
satisfying the same conditions must in addition lie finite and eontinnous 
between a; = — tt and a = tt. 

If, then, f(x) is slngle-mtlued^ Jindt\ and vantuiutniH, and han nniij a jbtitn 
mmher of maxhm.(i a.ml minima, bctwiHUi .r -.r - — tt and x i : tt, (t he vuhu‘H 
a; = ~ 7 r and ir = tt being includ(Ml), and if /(tt) -/(— tt) j\x) vim be 
developed into a Fourier’s Series whose tiunu by term (hndvative will be ispud 
to the derivative of tlu^. function. 

It will be observed that in this ease tlut pmdocUtt entrve // ss S i« continuous 
throughout its whole (ixtimt. 

43. Since a Fourier’s Int(^gral is a limiting case of a Ftmrier’i Series the 
conclusions stated in this (duiptcu’ holdi matatin matandiH f<jr ii Fiiuricr's 
Integral. 

lor example if a function of x is iinitt' and singlc^valucd for all vatin*H tif x 
and has not an infinite number ol disctintiututics or of maxima ancl minima in 
the neighborhood of any value of x it will b(* tnpial to the Fourier's Integral 

~ f p'O) <•<•« a{A — 

0 m 

and to that Potirier’s Int«(gral only, and tlw integral with roHjtcrt to a- of thia 
Fourier’s Integral will be (squal to ^/(j-)//x. 

If in addition f(x) is finite and eontimums for all valuoH of .r the derivative 
of the Fourier’s Integral with rcisijeet to x will lai <-<inal to 

dx 

* We shall regularly use the notation f(i) l<ir 


V. Pif. Cal. Art. I'it. 



(!IIAPTKE IV. 


SOLUTION rilollLEMH IN IIV THE AID OF FOITEIER’H 

tNTKUIlALH ANO rorUlKU's HEIOKH. 

44 . In Arf. 7 hnvi^ iilris^tily iHinNififrinl iit. wnui^ Itnigth a in 

Ilmt vUinii ri’i|uirinl tin*, iims^ i4' a Fimriin'‘f4 SininH. Wn shall Imgin 

th(» jirtmtaii t’liapt**** with n |a‘iiii!«aii rliwnly imalugtiiiH in its trniitimnit to that 
of Art. Tt rnllniK hn‘ flm iim* nf u Fnitrmr’ii Integral 
Hupi'MiHr- that rhninrify 04 ll«oviiig ill a llitii plniin slioot of infinite extont 
and that tho vain*’ «»f’ tlm |*niriitial liiiiftiuii in givtni for ovory point in mum 
fttraight lino in thf* ?4h«’«i. lln* vnluo of llio i«noiitm] function at any 

pint of fltr filiort. 

Lot 1114 tiiko thr linr^ m tli** n%tn i»f A iiiiil I’-oiifiiili’r at tirnt only thoso points 
for whioli y it* poHiOv** . 

Wo hioa% Ihoin t** iHitoily th*- r^|uafi««n 

iPV i ( 1 ) 

githjoot li.» llit^ roiiilHooifi 

r* ■■ It W lit* II y m (1^) 

I yFri - y. tt f'l) 


whtTo I't-i'l i=4 i% 0‘t4, w I* nil’' I4 i 4 r’laifiTnoil witli iiogatiM' 

vahioii pf t|. 

Ai iii Art. 7 hni*^ r n%n ti.r niwl r '»»r4»f*ii,r iiii |iartiiniliir vii!in*s of f 
wliiidi ii^ .oi4 Ur. Jiiiillijdy tip'Sii liy roiisiaiit iaadlkdonts 

ami nil thriii j|.;i Im ?»»i!J>4y r<»iit||||i.tn 

By 0*11 An, :r: 


fj *' 



f' i I lIjA ””” ^jik* 


( 4 ) 


Wf» w«U »I. Irtui.l M|. ;» v.i!u. I wju.h »iU t*' ( 4 ) wt*«*n 

Ttlii rof|iiirr.f» a hltlr ^'..irr- I*"-! |.iinr|» mgrnnity. 
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SOLUTION OF PROBLEMS IN PHYSIOS. 


[Art. 4L 


Take e-'^^cosaa; and sin ax and multiply the first by cos aX, and 
the second by sinaX; they are still values of 1" whiijh satisfy (1), Add 
these and we get 

ay cos a(X--x'), 

still a value of V which satisfies (1), no matter what the valmm of a and X. 
Multiply by /(X)c^X and we have 

cos a(k — x),(i\ (B) 

as a value of V which satisfies (I). 

03 

F'= J' ()"“!' /(A.) cos a(A. — ((>) 

— OQ 

is still a solution of (1) since it is tlu5 limit of t!u^ sum of terms covtnuHl ly 
the form (5); and finally 

J 00 Oft 

V= — pla cos a(X •— x)jik (J) 

0 

1 

is a solution of (1) as it is - multijdied by the limit of tln^ nmn of tonus 

formed by multiplying the second memlHU’ of (fi) by t/a and giving difft*rent 
values to a. 

But (7) must be our recpiired solution sinn^ whil(‘ it natisfieH (I) and (2), it 
reduces to (4) when ?/ = () and thertdbn* satislies <*ondit.iou (li). 

If f(x) is an eveji function we can riMluce (7) to the form 


V— ^ j' ifa I' ■“‘'./'(A) «X.(/X 


and if f(x) is an odd function to the form 


(«) 


^=^j'daj'(r<^v f(x) sin a.rHiii ttk.dk, (!)) 

0 0 

(7), (8), and (!)) are valid only for poHitivo values of hut as tho pnihlom is 
obviously symmetrical with rospisit to the axis of .V.'(7), («), and (U) oiiahlu 
us to get the value of the potential function at any point of the plane. 


KXAMIT.ES. 

1. Obtain forms (8) and (9) dire(% by the aid of (5) and (-h Art. :V2. 

2. State a problem in statical electricity of whitdi tht* sulutiou given in 
Art. 44 is the solution. 



CuAl>. iv.] FLOW OF KI.FOTIUOITV IN AN INFINITE TISANE. 
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45. As a siM‘(‘ial (Mist*. iuul«»r Art. 44 lt*t us uonsidur the problem: — To lind 
the value ot' th(‘ pottuitial tuiu4at>n at any point of a thin plane shee^t of infinite 
extent wluu'e aill points ()t a f^ivtui lint^ wih(‘h Tu^ to tlu^ hd't of the origin are 
kept at potential zero, and all })oints whi(‘h lit^ to the right of the origin are 
kept at pt»tential unity. 

ypr) if .r<(^ and ypr) — 1 if ,r>(). 

(^7) Art. 44 gives us tin* rtspiired solution. It is 

^ ’ ^ \ j '' *^e(m a(X”~.r)n/X; 

u Ti 

l)ut. this can Im imicli siniplith'il. 

Wo luivo 

#/x I e““*^eoHa(X*-“j’)aia. 

I H 
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SOLUTION (H<' UUOBLK.MS IN PHVNitVS. 


[Art. 45, 


and tlie curves 


and 


>(;+,„« ■ ;) 

TT \ ll-f 


log 4'" 


(^) 

(«) 


cut each other at right aiigh's. 

If we coiistniet tln‘ (Mirvt's ohtainotl l»v givijig ditlrrmf vahi«‘s to n in ^ro wr 
get a S(3t of equipotvnthd iuini for tho roiMltirliug ilr,. i .jf fin* {»i*gin, 

niiig of this article, and tlu* eurves (ditaiiird by guiui: dill* ifnt \;i!in .|4 fu ^ 4 ^ jjj 
(6) will be tlie Unvs o/J/ai(\ 

Moreover sincu^ ,, I 


/V 


log » • f - 


(^1) 


is a solution of Laplace's Fajuatioii 1 I *, ii.r lin* -. u\ lU^w jn g miuitiHiirci will he 

equipotential liiU’H for a cto’f.jiiu di^lnl»uiir.|i *4 pMiniinil, lor wlnrfi f||,. f«qni, 

potential lines above mcntionf*d will hr linrM i.f fhiw, 

F=a, that is 


I / IT , . J' \ 

} t.U. ■ J 


re(lu(‘.es to 


I, III . 


0) 


Cl 


If now W (1 give to « values iliUenie.; I>\ .t < Mn-.f.m! .iiii..iiiit «.• t a set uf 
straight lim‘H railiutiiig from tiie oiiiiiit ami at e.m.,! .loeul.u int.-nal i, 

J-'i = l> , tliat is 

i >)■> f> , ((i) 

reelucoH to 

f g ' (K) 

If wo give to /; a set of values ililfeniu; i'V a <-..ii-,latif am.. nut « ,■ v-et a set 
of (firdles wliomt eeiitres are at tlu- ..rigiii ami ttle.-w i.elu i..nn v;.'..m. |iieal 
progression. They an- tli.' e.|uiiH.t..ntml hm •. l..i li.u, j.lan. .i,.-. i ..l niliuife 
ext(mt where tlie potential rnm'ti..ii e. h.-i.i i.. .hii.-i. n! . ..m.iaiil 

values on tlie eneutufereuees ot Iwi. give!. e.nei jUjn' . n. l.'; ..j .alsi j.' ii*' have 

li 'll 1 1 ,,. .so>i Imi tins 

?'»lntrui fhi- bill ; , . .ill' liiir-iMf ||mU', 

and , > V- f 1 j*' » - 1 , ,|u! |m!j 

Tip* fuMII.’ I'K. !||S< *'.|sn|r,,!r|lhal 

,l|ld lllai--; I»! Ini rlflp-T ‘.tV-H* 

trlli, bu! MOp, |i *l I i! Ti r l»! t/. 

Ill*’ «'» nni »b’f «’ fs.Mjjr IkT) flii* *}| ,1 

il'i .'iJi \ oi 1 4 t hi n.p'! t h 




Chap. )V.] FLOW OF FI.F<Tin(UTV IN AN INFINITE PLANE. 
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FXAMPLFS. 

1. Solvt^ tlip prol)l(‘!u of Art. 4'l for ih(‘ vim^ wIuh-o 

— 1 if .r < {) and y‘(,r) = 1 i£ x>0. 


^ tali'” ^ ~ . 
TT y 


2. Solves tlu‘ proldfiii of Art. 4-1 for thn <‘asp. wIhh’o 

^ a if .r <C () and if .r>(). 


\ '=i („ +/;) + ! (J> — a) tan-i'J . 


X Itpdupp (T), (H), and (9) Art. 44 tc^ thn forma 


1 r yj\X)<iX 


7 r*\ //^ 'I" (X 




I !//iX)tiX 


+ {X // 4" (A '-f- 




rc*sppc’iiv<4y. 

4(h An t*Mpi'rially iniprnatiii|4: I’um* of Art. 44 m tlii* followni|^ whnre 


f{j') u if .r * ' 

-t, /,.«■» I ii 

' -- 1 < X < I 

» and 

j\x)'sx{) if 

ilniT 

y 1 

T? 

$ * 1 1 fc s 

.' 

5/ 

— 

(1) 

1 411 

// ..... 

Now lo|.-: ! * 

w ^ 

1 lOj 

! 1 

1 X y/n j ■ 

■ ^ i<iK'(,'/+a — >'’)G 

Tf 



~ i‘»« 

Jw 

1 1 1 — X /r ! 

! 1 — " .r 

L | I y 

ir // 


and 



1 

TT 




I 


I 

'Jw 


■■:l» ««» I»»|4 ! 1 ■'"*** ^ *' ' 

— //( i/ j 

.. .» ' iuK'f.v- 

TT * 

■(i+. 

'•^0 

*. 1...: i.I 1 .M- 

' ‘ 

f 

J 4- ,r 

!a!i * 

X* #/ 



,1 4 j- o *■’ f|" ' ?r 

t:ili ' 

I I- , 1 i 

- 4“ tan * 

!f 

,r*”" 

// .. 

• 
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SOLUTION OF ritOBI.KMH IN PHVHK'H. 


[, Aht. 41 


Hence 


~ /tair 

TT \ 


A+x 


1 --.r 


“t - !■— iau * 

// 


r) =‘'“‘ 


I .j ^ s 1 .#■ H f ■ 

L.V i I -f .r i/^ 


are conju(j(it6fuucti(yMf* aiui 
- Aan 

TT \ // 

is any equipotential lints ainl 




f) „ 


1 , (1 .rl' i 

liTT "'''(I i .n' i //' 


( 2 ) 


(■’ 1 ) 


any line of flow for tho HyKtcm licwrilwil ;ii lli-- !«'v;miiiiiK id thi>4 iirtii'li'; miii 


I (! -riM I/’ 

‘ I'w (1 ! riM </ 


(41 


is the sohition of anew probli'in for wlin-li (.'ti n'jinvft.'itlt niiy I'HiajMit.-iitial 
line and (2) any lino of flow. 


^ The function conjuji(aUi t<i 


1 

ir 


tiUi ^ 


\ I / 
U 


tiui 


II 


/ 


might have been found an ftdlowit. If # in fhr r«’»iuirr«i 4it.| ^ thr ^:iirn fumiiun wp 

have by Int. Cal. Art«. 211, 212, and 212 thr rrb»titii»» 

nii«l O, ,f 


Here 




I r 1 ♦ / 

sr (I I /p I )i'* 


11 


! f 



and 


‘ thi ^ 


IM j-p t 1 1 .fr 


If now we integrate %/' '^dih rrii|»«»rt Im / trriiiinH: !/ atrl ti44 mi arteiriiry 

function of y we whall have Hu tfiai 


.11 
2r I 


h*ll If! ♦ yJ ; b.il j I 




^ .... ^ 

|1 I f ir« H /p ? j 

Comparing this with itii equal - /L# wr fupi n 

therefore - htg^^ . , r 

‘if It i /p I If-* 



-psvf 

4 ># 


»iii 4 fi'/i 




where € may be taken at iilewiiwn k our n^*|iiir»'4 r«»i»;u^*air tnuri^m 
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SOURCE AJSIJ SlJMJl IK AK XKEIKITE l‘LAKE. 
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(2) rculuces to 


or 


and (2) to 


-// 


: tan air 


~ 1 

{//•— ctu air)'^ = <*.s(*/'^a7r ; 


I I 

.r“ + //“ + 2 I ./•+!=() 


(.^+:;:i-:;-';)'+/- (:::+;: ;:y-i 

(,r 4“ <‘tnh •}“ /4 — <*H('h-/^7r. 




( 6 ) 


(f)) un<l ((>) an* Tla* circloH (5) luivo tlunr (H*ntr(‘H in tho axis of F, 

and puHH thnnif^h tin* points (— ! , 0) and (1 , 0); and tin* nindoH ((>) hav<*, tlndr 
(U‘ntn‘H in tin* axis td’ A*. 

(•1) is tin* romplntn stdtiiion, ((>) is any tMpiipotnntial lino and (r>) any lintM)f 
flow for a. plum* slnn*! in whirh tin* points in tlm (•irc*uinforon(».t‘S of two 
(dr(‘l(‘H whost* rt*ntn‘H urn furt lmr apart t han tin* sum trf tln‘ir radii an* kc*pt at 
diilVrnnt constant potentials, or where a sotin-t* and ii sink of c(|ual int<‘usity 
arc plat*cd at the points i—KO) and An important pra(*ti(‘al t*x- 

ataplc is whcin* tw<» wires (*ouiHH*tcd with the poh*H of a batieny art* plactal 
with tln‘ir frt*e<*utls in ctmtaci witli a thin plane shetd, of <*oudu(*ting inattndal. 
Tin* figure slmws tin* et|uipot4*ntiul lim»H and lines of tk»w of either systeni. 

Tin* ctnuplett* tlgun* wtaild have tin* axis td' S for an axis of symmetry. 



1. Slnnv tltat if y<.rl ■■■■■••■ i#j whi*n vvlH*n — 

f(x) fig when X I-.* i » , 


'^1 ^ 


h + X . . J /i x“l 

I fig -- f#| i tan * ^ 4' (^^3 -j • 



76 


SOLUTION OK rUOllLKM.s IN I'UVSirs. 


[ A«t. 47, 


2. Showthatif /(^)=0 if "• " if 

hi<x<h, /(*) = «» if f'3 < ^ '''' • 


ih « , * _ . S ^*'=9 ' 


Y= 1 r tarr ^ ^ ^ 


ttL 


y 


pr..j ■ fi^iiaii 


''''i.™-'' f ... 


■]■ 


3. Show that if /(4 ' 
/(O’) = 1 if 3- > > > 


1 if .'■ 


hr] .1 if ! « .(■ < 1, 


"iz:™ 1 ^( 1 +3') tan 


I 4* i‘ , I r 1 ¥ * * I .r }■ 4*^ 

-I ‘ f i. ~ (1 .™.r) tan ' i ;, h-k' , . , ' , ,. 

!/ ' ;i ■ *11 '• ' i '/'J 


4. Show that if ./t-r) -■=" I if 3--: - I, h-r* *' ll l<a'<l, 
f(x) = l if * > 1 


, , I 


X 


1 1 ' 

tan ’ ' - fan 




Show that the oqui(H*t«'iitial iiin*.H!ir.< ••.(iiil.it.-ial h'* thmuKh 

the pointH (- 1, 0) ami (1,0), ami that tin- lin.’-* ..1 fi..« ai.- I “aH^inmii uvuIk 

having (—1,0) ami (1,0) as f'wi- Tim Iiii-* •>! fli-» |Hi|-.n. iilm! lim-H 

and the e(iuip<itt*nti!il liiii's nr** liin's "f H‘»a 0“ <1»’ wIi.t.' thr puiiHs 

0) and (1, 0) are kept at tin* siiiui* inlinii*' putnit i.il, «.i w ln n* vitv .*inmll 
ovals surrounding th(*Hi> point,s art* kept at Itn* HiUin' tiniti- pMii-nluil. 1 in* east* 
is approximately that of a pair t>f wires .iniin'i ii-il with tin* pi<ii* nf a 

battery whose other poll* is grouiiiied, am! lln’ti p!>ii *-«l with iln-tr rttdn in enn- 
tact with a thin plane (aimluet iug hIh-i'I. 


r>. Show that if /(.r) .V, 0 if /,i . I if u - ' . ■ ... 

if «<*<&, and /(.r) I if 





liiil 


I. 

I 


#'• 




til 11 



The conjugate futietiou 


2 w [i*#- rr I .#■ 5 "' * i 

is the solution for the ciwti whoro a .not mI »’.|ii4l iiilniMity !ie 

on the axis of A\ the sink at thv urigiii ninl ih*’ .?4«tiMi*rT .ii ib*’ «ls?i!.iiiiri*s o and 
b to the right of the tudgiiu iHw of flip uf tli»w ui r4.'’^ilv Iw* ih*’ 

circle 


47 . If the plane ctiniliietirig nlmH liaji r*.|g*-i ni 

with each other and one is kept at iMiteiitiiil wloin ibi’ balin' * 4 " tiin j#i»ten 



Chap. IV.] 


EXAMI’IjKS. 
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tial fumition in givon at pach point of th(> sppoikI , that is if F=0 ■when 
x~() and I =./(•<') whi>n _//=•(), tlu* .solution i.s niadily obtained. It is 


V . (!)) Art. 44. 
This n“du(i(>s to 


‘fa 


Bin ajr sin aX.dX . 


( 1 ) 




.1 


[_//■■' 4 - ( 4 — j-)“ 4 (X + 4 “^ ' 

V . Kx. n Art. la. 

K.XAMI'I.ES, 

1. If r=-0 wlion //=:0 and 1'== /'’(//) wht'n .!■ = () show that 

- r r 

f " ^ j aX.(/X 


40 


IpXKlA 


„ _ ^. 4 '* 1 

+ (A •*"” jf)’^ + (A + //)U 


2. H I wht*n // 0 and V - F{^t/) wlnni .r = o sliow that 

I .Ir 


V 




;/ _ // 

;i‘ f (A—.rf'' .v'^"l“(X + 




^ ^ I- (A '■+" |;A + * 

*1. If F{ii) h thf' r<*an!t nf Kx. 2 to 


r 

"dan i ’ ( 

1 jiknik 

'/ __ 




TT 

.r tt. I 
»♦ 


_//'■* T (A — 4 ' 

d“ (A + x)*'^_^ 


4 . If Fi,i\ 


I for 0 if * 

yi ami Fij/\rzzi^ fui* ^>1 whiln /(x) ^ 1 

for (t < .1- < 1 

and /I XI 'U 

for j' y* 

’ 1 


V ::rv 

I| 

rtau • > ■'• . 

-- tan ^ 





L a 


// X 




{' t.an ^ 

’ tan 

+-"+ 2 tan ■■'I 




X 


X Z/J 
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SOUITION (>K I’HOllt.KMK IS I'HyHII-H. [Aht. 4R, 

6 If one edge of the contluc.tiuK HUoft. tr.-at.-l iii Art. iT is insiilati'.l, ho that 
^^^^0 if x = (» and r=.fp) wlx'" » 

V=-- Cda ('• **' AA) '■"« "A-'/A 

V t' 

0 

48 If the oonducting nheft i« » !•'"« «“»' I-anilUd .Migi-s of whi.'h 

is at potential zero vvhiU' th.' value of the i».teiit,al funei.oi. >h given at all 
polnte^if the other, that. iH if T O ^h-u -/ O and V ■ l\.i when 

y=: l) the problem h not a very ditlieult one. 

■ Since we are no longer eoneenied witi. the value ot I when ,, 

Y— c»v sin ax and f == <*•’ e<m ax are availal.h' a.s pai tn iilar Holutions ot the 

ecluation 

0 (!) 


as wcdl as F— 

ami 1 '' 

fi*^ ir.r , 


Uonsecpiently 

r <»y . 

.. j4tn tw 

fMjili 411/ Hill #1 .r 

I lilt fa! Art. Idti;!] 

and 

-,j- - mnn-r 

Minh II »/ full ti-r 

1 Inl. fal. Art. 411 (It j 

and 

eoKli ai/ eoH «.<• and 

HI nil II »/ «*i»H ti -r 



arc tiow availa”l»lo valut'H uf riiu4 Umiwi! |»rr«*i^*4y ^ hii«1 

(r^v a.r aro iimul iu Art. 41 . 

Following tho Huiia' (‘ourm* um m Ail. I I gri 


'(d« '‘?/^u.eo,«a . . .M 

7r%’ J j»itii4 m 

u ■* 

as a solution of ( 1 ) which will rcilun^ Ut I" 'w)i*-ii v 

and to F =0 when i/ o . Muicr Airilit* ■■■■ ^ » 

and ( 2 ) is therefore our rei|tiirial wdiitniii. 

If F is to be e([ual to /.fro when iiiid tn wWii wc liiivf 

only to replace by /# — // aiul /*Vf i by Wr gf’i 

V =1 f,la f 7 fA,- „ ./J,, 

TTv/ ./ Minh ah ^ 
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If V=f(sc) when »/ = () and V=F(x) when y = i then. 

+ J-.f -e ■ 

(I .K 

Thin can (*(msi(l(‘ral)ly by the aid of th(‘. formula 

. PTT 

■! . , Hin - 

/'Hinh jKi* 

I * . , <‘OH nr.mr : 

HlUll f/X 


pTT CTT 

M‘OH ‘ + cosh — 


if [ Bicnams dt* Ilaan, Tabb*H ui' Ihd*. Int. (7) and becomes 


I . 7r 


T- sin 




dk 


(/'“//), 1 s 


. I . rn//* 


h 

<i\ 


TTf/ , , TT 

fos • .*- + c.osh J {X. — .r) 


or 


y—--L Hin 
LV. /< . 


f [ 


./'(A) 


^ ..... ...... - 

cosh " (A .r ) — cos cosh ^ (A .r) + eos “ 


]a. (r>) 


KXAMI*LKH. 


L (liven the huanttia 


i . . — . ■ ■■ tan ' * (xjry--' tunh if h> a . 

f tt -I cosh .r ....... \\ff »f it 2/ 


1 


show tliut if r I when if 0 anti T^O whtm r=--(4~//). 


2. HluiW tliat if V i) when /i, T— I when y = 0 and 

0* < h , and r ■ ^ I wluui // — o and *r > 0 


- tan * 

TT 


.tanh 


mr 


L , TT// 

M 


‘1 

r// J 


The stdutitin for the etmjnaat** systein, that is» for a strip Iiaving a source at 
((hifland an infinitelv tlisti.iiit sink is 


r 




w 


TTX 

eimh’^ .,7 etw’ 
26 
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SOLUTION OF FUOULKMS IS I’HYSIOH. 


1 Aut. ■[». 


3 . Showtliatif F=-l whm v/ = 0 and I wh.-n //-- .() 

and x>0, r=—l wlio.ii y = /' and .r < (» , an<l /'r I when 
y=h and x > 0 , 

(tan 5 (/. - //) tanh -f j t,an ‘ (tan J ,, t auh g) 

TTX 


TT 


.silili 


=— tail""' 

IT 


r -A] 

L . tt// j 

sin ■ 


The solution for the eonjn^^jite systinn, that, is, for u strip havi^.^^ a stmrct' and a 
sink at the points (0, 0) axul (0, 4) is 




, rrx TTi/ 

(*O.SU ” fM‘OH 
n 


- 

rrif J 


, TTX TT// , J 

cosh --- •- - cos 
b 


4. If 7=0 when — 0, Vz.vzj\x) wlu‘U // 0 and .r>U, uud V i) 

when y = b and :r>0, 


■50 '■/) 


F= ~ r ““ l/i Ah/A 

TT*/ sinli a/> 




TT ^ TT// t . 1 

cosh *, (A “ r* * fA f cum - 

b b h b 




for positive valu(‘S of x and for vahn's <d’ // hctwcccn aioi b, 

5. If Ft = 0 wluni */* = (), F{x) when // /» and 

Fi = 0 wluni if = 0 and a- > 0 

F=i«iu.F'^rr.. ' * 

/m/ L , TT ^ , TT// , IT , 

C.osh t (A .r) + <’OS ‘ cosh lA | a* » f r«»H 


.r • U, and 


A 


F\ A n/A 


for positive YaIu(‘S of ;r and vahu'S (d‘ // ht'tween 0 and b. 

6. If Fj = 0 wluni — 0, lo — y'pr) when y ') an«l x ^ iK and 
V^'=^F(x) when // = /) and .r>0 

t'jj == F*j" f] lor .r > 0 Hinl iv. lAAi. I and Tm 

7. If one edg(^ of tln^ strip de^HindlMul in Art. 4H is instdaied so that w«» have 

F=f(x) when ?/ = {) and when yz-b show tiuit 

0 
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By the aid ef tlu% formula 


tfx 

I (*oH : 

J <^()Hh ox 


rir pTT 


e.osli (*<)s 


</ pTT , PTT 

(UKS ■■■' — "f" ^-ewh — 


if JP<y, 


[BiereuB de Haau, Dtd'. Int. 'TahloH ((>) 2(>r>], 
n‘,(lu(5e thin to 

4 4. ./(A) eoslii ^ (X — .r) 

1 . TT// r Ih ^ ^ 


1 . TT// 


/ 1 TT TT// 

fosh (X — x) — p.OH 7^ 
o b 


8. If r “0 when // 0 or h and x< — f/, r^-1 when // = () or b 

and — H and /' () when j/^-0 or b and 

7rie'~"*e) . Tjp-Ojf »L 

Hinli ■ — HUih ■ ^ ^ 

r tair"* _ . ■ 1 I . 

^ L . Wp , ITU J 

Hui /-• sui ;• 

e b 

9, If B () when // 0 or b and - i wlum y = () and 

— " < .r <! H , r 0 wht*n // 0 or /# and and r="~“l wlum 

y /!> and e *■', .r • " o 


nrio *— .r) 


7r(r/ "4" a’) 


t- . , tt// J 

tan tan / 

Hh A HVHttnn eonjui^mte li> that t»f Bx. 9 in | x whim or b 

and I X. u him // t) or b and x m. In thin eane 

, Hur I , 

r. I } b b 

‘Jtt . . 70*#+' ai 

Hiir } Hinh'^ 

e b 


49 . Ia*i UH take now a |iro!»|fin in tJie tlow of heat. Su|i|Mmt* we havt* an 
intinit 4 ‘ i 4 olid in whieli lii*at- tloWHonly in one direii ioin and that at th<^ Btart the 
tt*in|n‘riiiiire of t'aidi noinl id the Molid in |»ivim, lad. it he r**i|iured to find tlie 
ti*in|ierature of any |.Hiiiit. of the Htdid at the end of the time 
Here wit have to lioHa’* the ei|uatinn 

( 1 ) 

( V. Art. 1 (III) :oiliji*el to the eonilition 

I# fix} when (2} 
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SOLUTION OF PUOLLKMH IN PiiVSirs. 


[AiiT. 49. 

As the equation (1) is linear with eonstant e(M‘f!ic*ifiit.s wt* <‘aii gi»t a partieu 
lar solution by the device uaiul in Arts. 7 and S. 

Let = and sub8titutt‘ in (I ). \Vi‘ 

(t'V 

as the only relation whicdi n(‘(‘d hold Indwron /i and a. 

Hence n .•=; e® * ’ 

is a solution of (1) no mattcu’ what valu<‘ is ^dviut 0» «. 

To get a trigonometric form replact* « by uL 

Then a- r 

If in (']) we replaia^ a by — at we get 

u ?“*■ ’ it a 


As in Arts. 7 and 8 wo g(*t from tliosc vulnos 

•« = (• "’“’'mil a.r uml « . ohm (i.f 

as particular aolutimis of (I), a boiiij' wlii.lh tiiiroM!i o t- ii. 

From tlioso values wo wish to Imil.l up u vulm- ..I « uluoi, Hluitl ro.iuco to 
/(.r) whou t = 0 and shall still Ih< a solntiiut ef j 1 1 . 


We have /(.r) =: .* ( do O’l A) cos i.,i\ 

w.' 

(1 « 

V. Art. 82 (8), and by proooodinii u.s iu ,\.rt. 14 «,• 

># 

n = U,la(, /,aio..m«,.v 

TTV/ 

as onr required value cd //. 

This can be (aumiderably simplified. 

Changing the order of integration 


•* .ib 

« = j T/ut'/A To 


m 

/” 




<!oa*a(A j'jjiu 


by the formula 


nmn^X - .rcr/n, 


->« \ f 


(■" 




(Cm 


t« » 


„K ^ j l„t , 

1 r. .. ... 


II » " '*■ 


Hence 
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Lot now 
then 
and 


2 ii^t 

X = X + 2 asff.^ 


|/(x + 


K.XAMI'LKS. 


1. Let the Holid he of iiilinitt' extt^ut and lt‘t the tt^uperaturo be ecpal to a 
const.aiiit e at the tiiiu' t — 0. 




V. lut. dal. Art. <(2 ( 2 ). 

‘2. Let uz^.r when r = (). 


u -i: ('(.r 4 - 


'A, L(^t when /ssiK 

Tluni f/ -b *2tty. 

4 . L(di // s» 0 if jr <[-—/>, // sss 1 if j* <C , and ■?/, = 3 :() if xy>h^ 

wluni 
Thtni 


- ( e ys 

tJ Vir 


h /|8 + Why h^+\ i)fAr^ + nhy 


«« .. . 4 « 

^TT A iVJ 


-...]. 

Xr- 

* 14 = 

Wj 

f e.’ 


th Let #i »0 if .r<() aiiil awl if jr>i) when /2=0. ^ 

hf 

^ * »IV'< 0 

"“vv/" '■'"‘"v^C/" “v-U’" '■''^+1 

, « II tl 

Liviv^f 7 .a!( 2 avo’ J ' 

Cl. All iron tihib Id e. tin tliiek h plaeed Indweeii and in eontiwd with two 
very t;lii«*Ic iron ulnlm. The initial tent|w*riiture of tln^ iiiiildle slab Ih 1 (H)®, and 
of eaidi t.if the outer Hliilm if, llia|iarial the ti*inpt*nitnre of a |K.)iiit in the 
nihltlle of the inner iitiili tifteeii iiiiiinten afU»r tlie alalia ImvelMioii put togt*tht*r. 
(dven ii^ssilJHo .ill (-.if. H, niiit^, Jiw., 
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SOLI’TIC^N (iF |\ ^•|^.slrs. 


[^»T. 50. 


7. Two very thick iron .slabs mw t»r wbirb o* .ii ib,* f fiii^rnifatn* (r 
other at the t(‘in{)i‘raturo lOir tlirMiiLtlinuf .u.’ 

Knd tlie t(‘in|H‘ratnri' (»!’ oarh slab In r, ui. liMiii ih,-ir r*,iiiijH,|| fiftt.'/* 

minutes after tluy luivt* been plaonf lugtihr!. ^ 

cS. Find a partietilar Hohttitm «»f 

is of tlie form a — 71,r whon' /* ts a hiiiriiMU .o t ahoir- an.i fiimaiuu 

of ;r alom^. 


50. If our solid has (»uo piano fai’o r. |,|.|,f of»n> 4 f;i|||| 

nerature ;^(‘ro, and vv«‘ alart uifh anv n drJnnnf!..}i ..i L,. .» il , , * i 

somewhat modnusi. 

Take the origin of <'of>rdiitafos in f|.!i* |ilao.' tar*- "lUm m 

th(^ equation 

/ ^, a a 7 ii , 

but our conditiouH are 

l/sr'fl Uhrli » n 


** f ■ H 

and we are eoneerne<l only with jw*sttsv«^ %.%\nv^ ni 
We may then tme tho form Ah. x* 

^ I A » roil a )• ’)in oA.iIA ^ 

and proeeading an in the Imu mH'tu.n « i' i 


mi’* 

f| B «« I I , 

Vj J 


*7 1 A I -on n r -nn «i a, 7A 


as our re<ium>(l soliitidii. Tli!;, t,,. 


n . -11 ’-o 1*0 .Fid V. 


! r\ t 

■11,*- jyiA|i/A I r. 
wj J 


j %'**•% Mti \ 


Of 


I 




./■ 


Ai/r 




I-,.., 7 a 


by (7) Art. 4fl. mui thi,. Umy U* |r4iO‘«-d J'h,i 0,j 3JJ 

t 

J , ^ J - ,/^/J , 


( 1 ) 

(2) 

0 ) 


( 4 ) 


( 5 ) 


( 6 ) 




m/I 


¥.\ .uiri I 

1» Let the iiiitiiil leiii|ii’riiiurr .i 
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«s ' ^ r 

ynJ 

(I 

„ r. _.. „. .1 . •^^. „ . 1 ...1 

yV Lii##y7 'i.(Lh/y^O‘‘ 5.2 !(2ri\//)^ J 

2. AHHUUiing that, th** fail h wan orii^quall)* at tlu* t4*m|HTatur(‘ 70tH)‘^ h'ahnai- 
li(‘it throughout, auul that tiu* Hurfni*u whh kupt at thu I'ousiant tcuupuratun* ()“, 
find (1) thu touipiTaturi* I«l luiluH Indow tlu‘ surfaru lOdHHtJMH) yuarn afttu’ tlu^ 
(‘ooliug huguu; (2) tho tumporatun* 1 mih^ ludow tlu' surracu at tin* Hanio 
apocli; (5) the toinporat uri* Itt mih‘,s ludow tho aurfaca‘ y(‘ars attar 

tluM‘ooliiig hugau; i ll tin* toiupuriituru 1 luilo hulow t!io Hurtauu at thu saints 
(*po(*h; |5i thu ratu id wlduli tin* tuiuporaiuru whk inrn*u,Hing with tin* distaiua^ 
trom thf i^urfiU’o at rurh point at oarli opocdu 

Nt'Kluct tin* ronvi'Kity of tho oarth'H HurfacM* and tuk<‘ Sir Wm. Thomsoida 
vahu* (d* ( Mhh tho foot, thr Kahroiihidt ih*gr(*is and tho ya^ar ludng iakun as 

units. I'riauiiHnn a-iul I'uifVi Nat. litiL \kd. IL Appendix.) 

.ias., Ill :uir’; t2i :i2r.5; cai umri (4| IthT; (51 1« for ovary 20 iWU 5" 
for t‘vary 50 foot., T'" for war)’ 50 T' for ovary 50 fc*i»t. 

5. Lot iho initial toiiiporat iiro !io ooiistant and ocpiul to — /#, than hy ICx. I 


|V '•’.//i. 


4, Li‘t tlio toinpi^riifiiro Ilf tho phiiir' faot* Uo /wnstoad of /.oro, and lot iho 
initial toniporiituro lio /oro. 

Thou wi* havo on!) lo adil to tho Morond nniuLor «d' tho Htdutiou in Kx. .‘k 
as \vt* niiiv siiu’o n ■■ ■ i* in a ?4oliditiii of 1 1 1 Art. 40, ainl wo got 




5, !a*i II ’— /» wtioii -r / O ami wlioli /srsO. 

Tln^it 


(| . * ■ k 'fn 

\ ^ IhATTfJ 


iw Of I Art 5tl, 
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SOLUTION OK KUOIILKMS IN I’HVSK’.S. 


[Aut. 51 . 


6. Let M = J when * = 0 and 


:<• will’ll / '0. 


Then 


:/i+ (I’ 


yi*'* t 

r 

■In )-■ 

\7r;/ 




■ifi. 


7. If the earth has In^en eoolin^^ for frmn a tnufurtn t(‘m 

perature, prove that the rate of eoolinjic is at a d«»|»th of about 7(5 

miles, and that at a depth of ab(»ut I.'iU inibLS lie* rato of r<»o|inif ban r<*a(’hed 
its maximum value for all time. Let . loo. 

8. Show that if the plantf faee^ of the soliii eoijHidered in Art. oO iiiHtead of 
being kept at temperatun^ Z(‘ro is iiu pervious to heat 

! '■ *'/A. V. (O.Vri.riO. 


51. If the temperaturiud tlu' plane fare of the st4id deseriltod in Art. of) 
is a given function of the time* ami tin* initial tempera! ure m /mo, flte sthutitju 
of the problem can be oljtained by a very uigenious method dm* tti Uiematim 
Here we have to solve tht* cnpuition 

iifU i|| 

subject to the conditions 

u ^ F[t) when .r 0 . 
u i 

We know that 


s*i'' 1 

»» 


Srr* 


f- O’, /ft 


is a solution of (1), v. Kx. 1 Art. fiU. li in faNilv jthmvu thiit 


/' 




(■'* 


where « i,s any (icmstaut, is a Hoiution ul i i i 
For 


!>,« = 




2 X 1 


... 






1 


V^TT ~~ ' 




Dlu.. 


^ /A .t * ^ 


S/t 2u^t ■— (* e) 


and 
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L(>t t) be a fuiK-tion ot a; and i which shall be eqiud to zero if t is 
negative and shall bo o(j[ual to 

0 

if t hs (^(lual to or greater than Z(>ro; so that if a-. = 0 <f>(x,t) r=l and if 
^ = (1 ■,/)—{). 

\\ e sliall now attack the following problem, to solve equation (1) subject to 
the conditions 

// = () if ^ = 0 

.,t = /.’(()) o ;r 0 and 0 < 1 * < r 

wlicr<‘ k is any whole nuinb(>r and t is any icmitniAlJ citi^bu iutervaJ of time. 


If wt‘ form llw vulut‘ 

" = /■’( /.■r)[^(.r. f - A-t) — ^(.r, f-(k+ 1)t)] 
•It will sati.sfy ciiuation (1) .since zero, unity and 


If 

aro viihu'H <if a w hlvh (1). h will 1 h* 7 . 6 m if f<IcT hj the (lofinition 

of t-lit* function /); if ^ 0 u&Q if aud u^F(kT) if 

kr < f ■*'C (k -j- I 

There forn 

It ^ ^ / - A-r) - i>(r, t~-(k + 1)t)3 (T,) 

I -* «} 

in the rtelutinn t»! tin* |triit4ein iiUuve. 

(.>) vim Hiin|>lifiei| miiiiinvlint fnnn the eonHich^ration that fora given value 
nl t ^(.r, /— kf ) 0 if kr > t, If^ tliiui, nr m tho greatest whok iiiultiple 

nf T nut iixeeeding 

I * IP 

" - V /.\kr )[^(.ry ~ At) -- i>(x, i-(k+ i)r)3. (11) 

i ^ « 

If new we ileerea^e r inil«*tinitely the limiting form of (0) will be the solu« 
fcinn nf the jirfilihnu Mtatfil at tlie lM‘gtiiiiing nf this artieln. 

(tij may lit! writtmi 

« » ‘y" k\ Ar) ~ Cy-JM ( 7 ) 
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SOLUTIOJSr OF I'KOItl.KMS IN 1‘IlYSirs. 


[Aht. 51. 


and if t is indefinitely decreased tlu^ limiting I'onu i>{' (7) is 




Since t — \ is positive between the limits (tf intef'rutiori 

t A 

~ f. 

Vtt.' 


and — A) = — e "’(C~A)’ » 

and (8) may be writt(»n 

f »i ^ 


or if we let 


2f/VV-A 




KXAMl'I.KS, 

1. If u = nt when j-srO um! « <i whim /> ~ rt 




J 2. A thick iron slab in at. tin* imiifiomturii ihrun^U^mt, tmv nf itH plane 

faces is then kept at tin- tempemtnre liHi" (ViifiKmd.- f..i minnt.-s tli.m at 
the temperature .ero f.,r tlm next f. minutes, tiurn a, ...,„,,..,,„ure’i(Hr f„r 
the next 5 imnutes, and then at the tem,«.n.ture ^,., 0 . Hr.juir. d the tern- 
perature of a point in the slab f. e.m. frum the h.i e at the exj,mili..n ..f IH 
minutes. Given; «’'=:.l«,' 5 . , , 

.'It .1, 

3. If u = F(t) when a- = (t u„d « './Ir) when / (t , then 

V. (6) Art. 50. 
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4. If ill AH.. (.'51) l\f) is a [.(‘riodic function of the time of period Tit can 
bo exprcHHtHl by a K()uri(‘r\s H(‘ri(\s of tho form 

I *** 

F(t) = [a,„ Hin mat + co« mail] , where a = — , 

m I T 

1 ^ ^ 

F(f) = ^ /,„ -f ^ Hill {mat + X,„) , 


or 


m I 


and p,„HinX„ = /,^. v. Art. 31 Ex. 3. 
Show that with tliin value of I'\t) (lo) Art 31 becomes 


1 . 

li = h, 

sjrr 


. +:^P«. [nin {mat + X,„) C cos d0 

''m-l •/ '*"'P 

- COS {mat + X„.) f c' sin 

a<y# 

and that as t increases ii approaelies the value 

» „ /'ll -f- Pm '■ M ''^T «>>> {mat — + X„) . 

m— J 

(iiv(»n that 




{‘OH . iix 


vV 




V. liirmttfiH, iJn. /mr, tiijl tji, § f>4. 

ii. If wo arc* dc*aliii|^ with a bar of nmall (‘roHH-Hocticai wln^rcs thc^ ht*at not 
only flown alooK the* bar but at tin* Hamt* time* at the* Hurfacc* of tlm 

l)ar iiibi atr at thi* tt*m|M‘raturt* '/oro wo have* t(» boIvo the* clittVrcuitial 
nejuation 


. V. Fourior, Hoat § 105. 

Show that for tluH c’ltm* 


r HiU UX autl U z::;::: r ^ «*«*« eoa a.r 

ara particular milutioiw, ami tlmt if a -^J\x) wh«‘n / =^0 

r iA * -it f, htt 

" . I *•" V(A)»/X - ( c ^/{x + '2a\/t.0),ip. 


cf. (8) and (9) Art. 49. 
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If « = 0 When x = 0 and «=/(•'•) 'vli.'u / o 
^ r fe-^' f(x + I '• '"f' •'■ 

cf. (7) Art. 50. 

If u = -er7. wlum / = 0 and » - <> 'vhm r " 


j .VUT. 




1 


j\.- <y' • f " J . " 




SiA / 


and if M = 1 when x^-0 and « '> "I"'" • " «•• I';.'.- ..i.h tu 

«-T tothosmnidmomhnrofthn bsf <M|n.itiou. sun-.. » - xUisliw 

eqixatiou 


If v„,= //'(i'.) when u- = 0 and u u nlii-n t i* w.- .mu fmidi.y 
method of Art. 5 1 . 


‘■-■III ■ '-,(■■ '■'i>l 




j'l f A J i’ 




and 


j 

*JttV7rJ 


(/ — A) 


/■' u\ < ' A I 


cf. (9) Art, 51, 


or 


" == - j - /-'(f 


\7r* 

fiiv f 


cf. (10) Art, 51, 

If IB periodic and hiw the value tak*’ti m K\. I, tinit- tli*’ v 

approached by u an t iintnuiBcH in 


!«,.* i 




where == (//■^ + V^// + //#■■* ami »/ ■ s iJ i \ i 



CuAr. IV.] 


AN(iSTK()M'K MlCniOD. 


91 


r-“ 

Ytj* 

0 i veil ^ - • (!- =*“ 

Ti 

0 f> 1 

r (,3 //•* Vtt 

<” ■”7a.siii ' ^/.r = 2d 

w Jj 

(I 

/* ,<9 //- y/ijj. 

and I * *r j 

n/ w 

0 

where 

,. ™ ^ (,,3 ,/ _ _|_ ygiTp7;r)| _ 

AuKHtroiu's iiief.hotl of (l(‘iornuning t.h(‘ eouductivity of a uutol in based on 
the n‘sult jtist Kiv(*n (v. Phil. Mag. Ft*b, and is (l(‘Henl)ed by Sir Wni. 

Tliomson (Hn(‘y(% Brit. Artieh^ ** Ih*at^'} as by far the In^st tliat has y(‘t been 
devised. 

r>2. If a is a ]>eriodie funtditai of the time wheti ;r = 0 ms in Art. 51 Ex. 4 
and we are e«)nr(‘nu*d with the limiting vahie a.ppn)aehed by u as t increases 
W(‘ can avoid evulnating a complicated d(*finite integral if w(^ take the following 
coarse. 

Since as we have warn in Art. 49 a is a Holutiuu of 

( 1 ) 

provided only that = we have 

as a Holutitm. 

]h»plaeing /■! by ± fii this lHaaimt*s 




« e * « 




or 


ti ii::;: e * 1 

V^d *0 

1 9 



simai 


V 


<1 + 0 



atnl 


V- 

I=' 

(1-0. 



Hence 












(-0 

II 

f r,/ .jHin 


v?)’ “ 

= r y\ wm (^^ + “ Vf ) ’ 

(3) 

ar«^ partii’Vilar 

HulutiiniH of (1 ). 







SOIAITION OF l’U()IU,KMS IN FHVSH'S. 


[All!'. 5 : 1 . 


From these 

we g(‘t rc^adily 






.rX/iHrt . 

./Hill 


.r Ima 

-„\ ■/ 

■f A,„) 

(U 

as a solution. 

(4) r(‘(luc.(W to 






w.= p,„.siu (mal 

A,,,) 

when 

0 


and to 

.ri/Hia . 

« = •J ' 

(a„, 

ffHt\ 

„ \ M / 

when / 


If we add a 

, term wlii(di satisii(‘.s (I ) ami 

whieli is 

ei|n.ll In / 

ern when .r :■ -1 {) 


„dt., 

luwe ii solution of (1) whirh is zorn wlioit / n aiol u hirh Is 
p,, mi i/fiaf + XJ whrn a- o. 

Tlio tevni iti (luostion approarlu's -/(‘m um / jv. j/ » Art. .»nj aiol wo 

have at oiuio tlio solution given in Art. oI K\. 1. a** “ur rei|utrr«| 


KXA 

Hhowtliat isaHolutiuu of />,e t! ji .fa#'*— //% 

and lieuciii that 


?/, = 





ed sin //:!/ .i )» and 

" ' ' .,V ' (/•'. ‘ ' ) • 

wluU’O 




+ f //^|4 ami 

V n/iM e ejn 

are solutions. 

lleiuu^ 


is a solution. 


\ k) 

oVk* ^ 

If = ma 

this last restdt reduei'H to 

II sin I A„jl when 


and by the reasoning of Art. A2 it UiUnt !«• tin* a a|»|*r«‘a»io-'^^ a*-* / tiirreaHi‘,H 
if wo have the same (^ontlitiouH m in the lu.Ht part 1*1 Art. Al K\. A. 


/)3. The whole problem erf the flow of heat hi tri*a!i*il Sir \\ illiaiii 

son (v. Math, and Idiy.s. Papers^ Vol. I!k and nlloo* rri-riit wntvt^, I'nnii a dif- 
ferent and decidedly interc»Hting |Hjint of view* wlueh ttr hIi.iII linrily .Hketeli 
in eonnee.tion with the problem of Linrnr 

Suppose we an^ dealing with a Inrr liuviug a Hiaall eroHH-Hrft i**n jiinl an adia* 
thennauous surfaeis and tuki^ as our unit of Insd the ainMiiiit ir^|iiirr«l ff» r.in^e l»y 
a unit the toni|)erature of a unit of length id the b.u. It .if ,i pMint <4 ilieb.ira 
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(quantity Q of heat; is Hiuldi^nly tlu^ point is (^all(>(l an imtimtmieous 

heat soiure of si.rtnigth Q. 

It* tho heat instoa-d of ludnp: Huddcnily ginun-attMl is f^(‘U(n*atod |j^radually and 
at a ra,tn that would givi* Q units of lunit pin* unit of tinu* tlu‘. point is (‘.ailed a 
‘permaaenf heat soaree of str(‘n| 4 :th 

''rh(‘ t(Mnperatur(‘ a.t. any point of tlu^ ha.r at a,ny tinu‘ dut‘ to a.n insta.ntan(‘.ous 
soure.(‘ of stn'iiijft.h ^j>at. t.lu» point ,rz:^:::X is (‘asily found by tin*, aid of formula 
(S) Art., -19 as follows:- 

If a. (|uantiiy of heat sudd(‘nly g(*n(‘rat(‘d alon^; tin* portion of tlu‘. bar 
from a* X to .r * X 4" AX, wlu*re AX is any a.rbitra.ry hmgtli, tlu^ ttua- 

p(‘ratun‘ of tiiat portion will In* suddtndy raisi'd to and wo shall have by 

(8) Art. 49 


Q 


1 


'la^irt AX 




tA - .i >3 

" ”X 


( 1 ) 


as tlu‘ i(*mp(‘rat.urt' of any point of the bur at jiny tinu* f ther(‘aft(n\ 

If now w(‘ writ(‘ /MMjual to tin* limiting valm* appi'oaehml by tlm scHunid 
mtunbi'r of (1) as AX is nnule to approaeh 7.(‘ro wt* gtd, 


a 


(J 


taSTTt 


(^) 


as tlu* H(duiion for tin* (»aH<* wlu‘re W(» have an instantaiuMnis stnina* at tlu^ 
point .p' ; X. 

It is t(» hi* obHiU'ved that in (2) a i) wlum and * 

2aslirt 

wluui ,r...':X and / Xb 

If wt* have soveral Houna's we have f»nly to add tlu* t4un|>e rat tires dut^ to tlu^ 
H(‘parate nourees. 

Korinuia f8i Art, 49 may now be regarded as tlu» S(duti(m for the (%as(' wh(*rt^ 
W(' start wiiti an inHtanta.neoiis heat souna* of stnmgth f{k)(!X in ev(*ry 
(dmmmt (rf hmgth cd' the bur. 

A Houree' of strengtli is eulhnl a siidc of sirtuigth Q; and (il) Art. oO 

may Ih* n^garded as tin* Hohiti«m for the east* \vlu‘re we have at tin* start im 
iimtantaiusaiH .nonrer’ of strength /tXb/A in evtuy tdenieiit of the har whose* dis- 
tarns* to tlu* right of the origin is X , utid an instuntuiu*ous sink of strength 
/(Xp/A in every (dement of tlie Imr whose distams* to the left id’ the iirigin is X. 

If we have an isistaiit4Un*ous souree at the origin (2) reduin*H to 


$i 




*11 


(=0 
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[Aut. n.j. 


For a permanent source of constant strcnj'tli Q at the origin (,'!) giv«‘s 

r 

(<> 


() p 1 

?^= - ‘ /..„ I (• ^ r) i tir 

2(f\7rJ 

(» 

and for a permanent soure.o of variahlt' Ht.roiif'th j\t) 


(4) 


_ 1 
2 f/V^ 7 r. 


f ' " 4ci5>t ( --r) ^ fir idr , 


In (4) and (5) u obviounlj to zero when f 0 ;uni ,r > o, hut itn 

value when r^i = () is not (‘usily (h‘ternuned. We fan avoid the diflieulty hy 
introducing the conception of a duuMd. 

54. If a source and a sink of equal strength (J nn* tna«lt» tn aftpneudi eueh 
other while Q imiltipli(‘(l hy their <listaiiet‘ apart is kept equal to a ejuistaut /' 
the limiting state of things is said to he due to a ut streugth /* whose 

axis is tangent to the liiu* of approaeh autl pniufK tr*»ii} hink t<» nouree, A 
doublet ot strength — /* differs from a doublet i»f Htrmtirth /* <ujlv in that its 
axis has the opposite direetiom 

Let us find the. temi)eratur(Mlm‘ to an iustautaueMiis douldef of Hfrengih P 
placed at the origin. For a souretMd' strength at .r ,/ ami an eqtial sink 
at x = — ri we have. 


or if 27}Q = I\ 


If vj is made to approach z.i 


and 


(,> . 

. Jn 


i 

1 

t 4^01 " 

“ *' 4 , 0 ! 1 , 


«ijW ^ »*, 





2ihfJiTt 

e 4f,i| 


ach z.«*ro 



limit r« 

sinli 

1 ~ . 

In 


'J 2tri 


Px 

If 


^ r' 


0 ) 


*8 the solution for the teniperaturi' at any time and phiee due to an iii.Htaidam*' 

oua doublet of atrength P plmu-d ut the origin. For u .l<.uMct at anv other 
point x = X we have 


PQt’^k) 

4 «^ *•" ■ 


(-') 
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For a j)ermanent 

donblet of < 

ionstaut strengtli P placed at the 

origin we 

have 

/*,r . 

'‘~4oV7rJ 

(1 

t 

r* 3 

1 {t — r) ^ dr 5 

(3) 

;uul for a pornianent douhlot. of variiihlo strength f(t) 



deVTT.i 

0 

f'' ' .(.“(T-t) {t — t)" ^ f(r)dr , 

e) 

or 

I r 

“ “ / I 

(C'yTrJ 


0^>) 





if .r>0, and 

1 /' 

i \ 



=='■■■ ^ i 

r/V-7rJ 


(6> 






if if we let - ; . 

From (r>) autl ((>) \xv nw mulily that w = 0 whon f = 0 and that 
wlii/u »r = 0 if vvt* iipproiwdi tha origiu fnnn thn right and that. 

y — — /ifl wh<*n .r » C) if w<* appn^W’h tho origin from thn loft. 

Jit* 

If tho point tl is kopt at tho ocnuHtant t(*inp<‘rat\ire // and we are con- 
(uvrn(*d (»nly with ptmiiive vulm‘H of .r we ean gtd. from (B) the aolution given in 
Art. fd) Ex. 4 l»y Hiipposing a piwinanent douidet of strength 2a% platani at 
the <jrigin. 

To solve the problem treated in Art. fri, we haviumly to Huppom^ a permanent 
doublet of strength *Jti’^F{f) pi need at .r =s 0 ami from (B) wa get at onee^ 
(10) Art. fiE 


EXAMOLK. 

Bhow that if — i/^it unci au instiuitaneous soiiree of strength 

Q is pltMual at k 






V, Art.fri, Ex.H. 


Bhow that if an iimtiintaneouH doublet i»f Htrengtli I* is jdiwujd at the point 
«sas() 

Pae „ ^ 
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SOLUTION OK rUOBLKMH IN KHVSU\S. 


[A«t. f>5, 


' a permiuiollt iloiililcfi i)f stirtitph /(rt is ]tlu at j-aaO 


(V 

1 


r) ■) j\T)*ir 


•VTrj'' 


whence ?4 = 0 wlH*n /-oi uiu! .r>0 nr .r » i) ati«i rr f 

oj = 0 . 

lienee if W(‘ pluc.t* at; .r — o u |M*ria:iuriit «i»Mil»|ri i»i •■arm-ih /'*(/) \V(* 
get the solution givaai in Art. A1 K%. A inr tln' uhrm /*',/} wlitai 

:r!=:() ami when / (I providini ue are «’iinei‘iiie«! u if Ij ptisitive 

values of x . 

If I^'(f)=€ tlUB IHMhUH’H to 


u 



III ^ 




»//■!. 


55. As another examph* of the \m* uf Foiuht' * Intni^ral we .Hhall ennsitler 
the traiiHUiisHion of a <iistnrhanee uhmi: a h!re!r|ii-»l rhiTfir •Uuii;,r. 

►Su[)poH(‘ we have a .streteheh ela.^fie mIiiio: hour lit. if we n^rU utif ('nuHiiler 

what happ(*UH at its entls. that is ;-,e Imh** fh.if we m.n in-.o iIh |eiw;lh as 
inlinite. Lcl. the Hiriiig in* initially tleUeiiril ujIm enm Imhii an«l iheu 

released; to investigate it.n HuhsiMpienl iiiMiiMii. 

Lt^t us takt‘ tlu’ position of ef|tulibriiiiii nf thi* 'iinng a-^ the uxi-s of A" and 
any givtm ])oint as origin, 

We have, thtm, to solvi’ tire tUtTereii! i.i! e^poitioii 

/i/y aVf/y (!) 

[v. (vin) Art. I] subject to the eomiilioirs 

// y'f.r I w hen f f I ( 2 ! 

/Ay — / O, ( 5 ) 

As in Art 8 we find 

// <»0H a(.r ± «/} ainl y. ~ hh* oi r ! of) 
as particular H(diitiunH uf (I). 

Jbh’uin these we must build up a value fliat uil! ivdie-r to 



CriAP. IV.] TNFINITK STUF/r<niICI) ELASTIC STUING. 

f=zO and will at th(‘ sanin satisfy (d). 

// = (‘OS aX (‘OS «{.r + r//) + sin aX sin a(x + at) 

Qi- K (‘OS a{X — at) 

is a solution of ( 1 ). 

I 
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Ihuico 




is also a solution of ( I ). 

(^il) roduci'S to f/ J\x) wluui f - i) but it giv(‘s 

ifi 

7^//— ^ l^ar/a sin a(X — x).(lX 

(1 ». 

and consisnuuitly doos not satisfy l•(|ua.tion (d). 

U* in forming {7») W(' usi‘ voh a{x — af) and sin a(.r — • r//") instead of 
e.os a(jr* + '^0 and sin «(./* f- f//) \V(‘ g(‘t 

!/ - - ^ j fht jjW uus «( A — X 4” (ff)j/X ((>) 

«» 

whudi is a Bolutiou of (I b and n*du(U‘s to // /{x) wlu*t)i / = () ^ Imt it gives 

D^i/ = ^ I" ada j JXX.) sin a (A T)jiX 

!» 

wlitMi / = 0 aiiil (loi's nut. .satisfy (.'!). 

If, howtwt'i', w(' taki' uiti'-liulf tin' sum uf tin' valnc.s of //in (5) and ((>) wt; 

gat 




I 


“ I i* /• 

^ I dtt I ji A ) (‘(»s «(A " af)jiX 

TT^' 

"11 # 

“i» ^ i da (^ylAl et»s «(A x + *d)jiX 

7 r*f mf 


(7) 


a Holution of (I I whiidt satistlos lioth |LM and (d)» and is^ thercdura, our required 
solution. 

Tliis roHuli eaii bo very iiuieh siiuidilied. 

If we sulmtiiuf.e ,i x + of 


^ I f*' 

frj J* 


fcA) eoH a(X x — ttt)jiX 


■# :#■ 

j tin f «'«ts «(X ~ s).ilk =*/(r) =/(x + »i) ; 
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fAUT. 50 


and in like manner we can sliow that 


00 Of* 


Hence our solution hec.omcs 

y-^ 


—J' da COM n(A — .r -}- <rt).d\ =r_/; — ,it) . 

[/(,•'■ + ■" ' 1 • 


(«) 


This result is of great iiuportaiice iu tin* tlH'cu’v of <'Iastic sfringH and it 
shows that the initial disturbaiau* splits into t\vt» otjual wavos whirh run along 
the string, one to the right and tluMdluu’ tt» tho Irtt* with a uniform vrlocitv a, 
and that tliere is nothing like a periodic motion or vihratinu of any sort unlesH 
the ends of the string ])r()du(‘(‘ some eilVct. 


50. If the string is not initially diHtort<‘fi Imt ^4ar^M from its pt>sitiou of 
equilibrium with a given initial vtdocity imprchsni ttpon raclt point wt* have to 
solve the equation 

lyft/ If 

subject to the conditions 

ysssO when / 0 

We got by the process nstal in Art. 55 


(1) 

(-') 

0 ) 


Ofi «i 


2^ = 9^, 




a* + ftf) 


4* sin A j' 

fiu 


J 


but r •'■ + iL*!] „ fj!''' "O • ,/a t TT 

r a 


if X at<CX'<Cx-\- af^ and is eejuat zero for all oihrr values cff X; since 




Hin mx . TT ,1 


TT 


if m<n 


ssm U if m = U . 


V. Int. Cal. Art. 92 ( 8 ). 

,r t III 

Hence ^bb ^ 

t — Hl 


0 ) 


i ' our required solution. 



CIIAI'. IV.] 


IA)N(1 ItKCTANCiUbAH J>LATK. 


99 


lOXAMri.ES. 

1. If the string is initially (listnrtc'd and starts with initial velocity so that 
y=zj\x) and />,i/=/>\x) wlu'ii f — Q 

X + at 

= i ifi -'' + ~ "0] + . 

X fif 

2. If tluH initial (liHturhaact* is (‘auHt‘(l by a blow, as from tho hammer in a 
])iano, which impn'Hm‘H upon all tlH‘ pointn in a jiortiou of the striiif? of hm^^th 
c an equal tnuisv<‘rH«‘ velocity /> hIiow tiuit thi' front of th(‘ wave which will 1 h‘ 
Been to run to tin' h'fi alouf^ tlu» string will lx* a straight liiii(>! having a slopt‘ 

ecpial to Hint a hmgih espial to + //^ . Of courses a wave liaviug 

a front of tins sann* length with a slopt^ espial to — will lie aesm to run to 

tins right along the* ntriiig, ami tin* <‘tTe*ct of the two wave*H will he to lift tins 

string hoelily nml penmiunently to a elistains* ahove* its original position. 

r»7. We' shall mew take* up a fe*w f*xaiuph*H of tlu* nst' of FnHtier'tt Stories. 

In tin* prohh'ui of Art, 7 let tin* te*mpe‘raturt‘ of tin* base* of the plate he a 
give*n fnaetion of the otlnw e*omlitie»n.s re*maining um'hangeHl. 


Sims^ 


/(■'*) X*""' 


vvln»n^ 


we liave 


«* /% 

“* I j\n) sin majia 


2 

2mi 


w 


\Hin Hhr 


" ^ laa.e/aj • 


If the hreawlth of the plate* is tt iuhti'inl of it 


‘ wiT.r /* , . miTK ,, n 

It ^2;^ r "^rsui ^ dk 


0) 




r>H. If tin* temperature of the liiihe is unity ami tin* lusanlth of tln^ plate is 
TT the seihithiu is, as wi* have Hi*eti in Art. 7, 

I 


TT 


'sill .r 4* r silt 4.1* -4" z sin oa* 4“ ' 

A a 


■] 


(1) 


This series eiin !♦«* siiiniiiisi witinuit ilifllt*itUy. Wt* liavee the clevelo|anont 

log 1 1 ’4’ ■» ^ 


I 


,a 

- -v 4- . 


if the motliilus of h less than I. liit, Oal. Art. 221, (4). 
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[Airr. 58 


Hence 


if mod. ^ <C 1 . 


if mod. ^ < 1 . 
But 


[ [lOK (1 + >) - I 1 - 1 I 1 -j 1 i ’ 


log (!+«) = ' + '’O’"” ' 1 

= log [(I + !'■ </><' j i it-nt ' ^ 

2 ^ If rouH ^ 

1 til* , <'• MU 4^ 

= . log (I +2rfuH ^ t } nan * » 

2 ^ i f r r« »s 4* 


log (1 - *) = j log (i - -'r roH 4 -I rh 1 tun ' ^ ™ , 


[lilt. Cal. Art. .‘la (2)], 

and (2) bewimcH 


1 ri , 1 + 2r COH ^ + r» , , , ‘Jr siu .f 

2L2'”''r-2r™Ti-U + "” t 


" t ‘ a * • 

From (a) "we get two (‘t{Uuti<*nH 

1 , 1 *4- 2r <*0H <fi I- r** reu.H r"* I'nn a*|t , i*'* tmh , 

4''«l-2rn«*+r> I ' :i ' .•, ' '■• 

1 2r niu 4 *h aul* r* at|i 

1 ^ a * a *■*“ 

both valid for all valui‘H of ^ |»r(*vu|rti r • I , 

<rv is loHH than t if y in jHwitivo. 

Htuute from (o) 

^^”*'siu»r e'" ain iV , , I i*r n'm r 


and (1) may ba writtt^n 


I , .Hill T 

^ l.lll ^ - 

J ruiili i/ 


J ^ . MU .1- 

II m tiiu * 

tr Hiiih #/ 
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If we replace r by er-^ atul ^ by x in 

log [1 + r({\oH ^ + /‘ain ^)] 

it bec()nH*8 log [ 1 + v ^ coh x + I r i' ain x] 

or log [ 1 + COB + I aiu 

V. Int. ('{1.1. Art. nf) ('0 and (.1) 
a function of z m ii, wlndc; and 

log f 1 — r(i*oH ^ + /’sin ^)] 
b(‘coin(‘B log (1 coH z — i ain 

hence by Int, (’ul. Aria. 212 and 212, 


1 , 1 *"1* 2/' ^ C’OH X *4'” 

7 f-" ' . ' . *“'” 1 ; and 

4 1 2/’ ^ <‘OH X “4‘ c 


or 


1 , C(wh // 4- COH X 
7 log -■ . ’ 

4 COH h roH .f 


and 


1 .2c"’*'aina; 

7“ t{in'"'^ 

2 1— 

1 . , Bin X 

s'"" .u.!,! 


are ccjnjagatt^ func.tituw, and 

th‘ 


!, cosh // 4“ eoH ir 

' log ■■ ' , ’ ■■■ 

TT iHmh // — t»o8 X 


( 7 ) 


ia tln^ Bolution for the pnddeiu when' the iHothernial lines are the lines of fl(»w 
of tlu^ prcHcnt prold<»ni and the Hnea of flow are the iBothennal lines of the 
prcH(Uit problcuu. 

For our prohhnn, th(*n, the isothernml liiu*8 are given by the equation 

sin X 


ir 


tan 


Kinh // 


or 


and the lines of flow l>y 


Bill X aw 

-v-v ■ ■■' tan ■ - 

HI nil 1 / 2 


1. cosh // d** COH .r 
- log ■ . 

W coHii 1/ — COH ,r 


( 8 ) 


or 


cosli 1/ 4' <*OS X 
eush // — COH X 


( 9 ) 


KX'AMTIJ'X 

t. If /^®i/ 4” (I I unit «-■■.! when // = 0, and ti*0 when 

0 anil when x i:.. a , 

4 


«» 


. TTX , I ;»f . ,1 . r>WX 

■ j,||| _ ^ ij- ^jii , , ^lij - 

L II 2 m & a 


...1 

J 


sill ' 


w- 


tail' 


Hlflll 


WX 

II 

wii 
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SOLUTION OF IMtOKLK.MS IN IMIVSK'S. 


[Aut. ;■)!). 


2. If u = <l)(x) when y = 0, wli«>u x = (), ami w = i<’(y) 

when x = a 


2^ m£2 . . wttX ,, 

' = - » SIA — J 


m=s\ 


, 71 ^ vr./- 7 r . 

cosh — (X — //) COS — COHU • i X “f* i/} — Cl 

/y. '* * ' it it ' ' • 






cosll “ (A — //) •+• VI hS — ■- I A -I- // J I ■■■ Ci J.H ' 

(( ' “ tt it ' 


V. Art. 48, Exs. 4, />, and (>. 


59. If thixio sidas of a plautMiH'tniiKnlar HhtM*! nf rtiiclm-t in^r 
kept at potential zcn'o and tlit' vnlin* <4' tin* liiiii’taaj at cvcrv pniut ol 

the fourth side 1)(‘ given; to funl the value of this piaenlia! tuiirtiun at any 
point of the sheet. 

To formulate: — 

■ o. .. 


Therefore 


ui.i.ii 

,r ’ 

•0. 

(2) 

E ss tt *♦ 

J' ■ 

. 

(.'it 

/■”() *• 

// 

A. 

(•n 

;•==/■(.<■) >• 

// “ 

li. 

(■’* 

K''t 




. . mir , 

nm ■— (/f — f/ 

1 



ti 


m If ,r 


, , it! TT A 

HUUl - - 


yf 


ti 




*« t'qnalinii.H i I 

h fL» 

h t** n ahil 1 

1 1 if m in aii intfgcr. 


• I i 

- //* 

V /' • WTT.r 

’^L . , fftwii fl 

smh ™> 

a 


J J(X) mu ■■■"•■— iiX 
■ #1 


IS our roquirod solutiun. 



CAP. IV.] 


ItK(n\VN(JUI.AIt PLATE. 
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EXAMPLES. 

1. It ^ n‘(hi(U‘s to 


TT 




. "I 

TT 


..sinli -(/> — //) 


Hinh 


sinh — (/> — //) . 

. TTJ' ,1 a ^ . t^TTX 

Hiu _ 4 . ^ __ 

rrh a o . . Atto a 

— Hinh — 


suih —// — .//) 

,1 (t ‘ . OTT.r 

4 ^ ^ ^ — Hin — 

o . , •>7rh (f 

suih — 

(t 


+...] 


2 . Xf X'‘=0 whop .r /"=ssO whon .r=://, /"={) when y = (). 

jd /^r) whtni th(*u 


. Hiiili 


WIT'// 


:-Vr-- 

## t . . wtt/j 

1 ""HUlh — 


tt . ;;#7r.r 

Hin ~ 


, . wttA 

I /»(A) SIP ^ ~ ^/A I - 


;i If /'’(.p) I tho upsw«*r of Kk. 2 rodip-t^s to 


Hiuh--' , Hinh .. mjjL „..u. 

“ it , 7r.r .1 if , .W , I tf , Bttx 

— -■■ ■■■■■ ■ / Mill + ,, -,y - - HlU ------4 « ~~ ^ , SUl — - 

Tf/f tt »l . . Atto *> . . OW 

-Hinh' NHih - Hinh — 

n if 


+...]. 


4. If \vli««ii j'- 'iK T'O wlwn x~tt, r==/(.r) whpii // = 0^ 

ml r ^ Fix} whim // — ■ . tlnm 

. , tfift , 

.n^ #• Hinh ‘ (fi “ //) Z \ 

,,,...1^’* HUlh— - « 


Hinh ” 

4 ”*■' I A) silt — — f/A^l ' 

. . iiiir/^" if ' J 

stiiii 


III IT 1/ 


5. If J\x} - Fix) till’ niisivin- i»f Vl%. 4 rmliiooH to 

HI W / ^' \ 

(n ™'4 


r«.-xr 

#1 


'OhIi 


roHli 


rnTT^t 


' Htn 


ffimr/*.,, . w-rA ..n 
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HOI-I'TIoN oI'* l’l:nllt,l'.MH IN 1‘HVSU'H. 


[Art. 69, 


6. If till* ailSWiT 111 I’A. r> ti. 


C-.") 


. Trr , 

.Hill f 




■7 n-rx 

. Mil 

r/» it 


/ /i \ 

;r (l- y 


^ a * 

Jii 


tVfT.f 

Hilt f 


7 . If F«/(.|-) will’ll // I', y /'■<■■) 'vtirii I*.. }• when 

x = 0, and y~x.(!/) wlii’ii x « . lln n 




• t ; 

Hinii if* 

♦f 


■' iiX 


4- , i 


, mw 

.«"*V 

* J 1 . WITT#/ / 

+ , 2 ^ **>'* ,. '( 


P ■ fix 


, i* mffX , 

+ - i ^lAl niii »tJ 


8. If » ^(f/) sss II iitnl f\.n I fhi’ .iipairr i»f K\, 7 itiiiy ln^ 

reduced tu 


, - f ^// 


. 1 , 




8 , . .ir## 

Slllll 

Zk 



, ...” 



» *»iii ^Y 

, ■ 

' * ’P i 1 

. 11 . 


^ i ^ 

t(:; 

^ Iff?/ 

■« ^ - 

fl 

' .1 


, ;^||| ^ «*- 
ri 



CUAV. IV.] 


FLOW OF HFAT IN A SLAB. 
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9. Miul tlH‘ t(‘in}»(*ra.i.ur(* of tli(‘ middle* point of a. tliiii square plate whose 
fa.ee‘s are iinp(‘rvious to lH*a.t; 1st, wIh'Ii thr(H‘ (‘dg(*s a, re* k(‘pt at the tem- 
p(‘ratnr(‘ 0" ainl t.lu‘ lourth e‘(Ig(* at tin* tt‘inp(*ratun‘- lOO®; 2(1, wlnm two 
opposit(‘ (‘dL^(‘S a.n* k(‘pt at tin* t(‘mp(‘ra.tur(‘ and tin* ()th(*r two at tln^ te^in- 
p(‘ratnrt* 100"; Bd, wlnai two a,(ljaeent (‘dLn‘S are k(*))t at the temp(*rature 0'^ 
and tlH‘ other cnlges at tlu* ti*mpt‘raturt‘ 10(P. S(‘e (*xa,nq)h‘s B, 0, and 8. 

(1) 25"; (2) 50“; (B) 50^ 

()0. Led. us pass on to tlu* (’onside^ration of tlu* flow of lu‘at in out*, dinuuision. 

Suppose* that we have an infmitt* solid with two pa.ralh*! phuu*. fa(‘.es whose 
distance* apart is e. 

B^a-ke t-lu* ori^^in in oiu* rae<* and tlu* axis of .V [)(*rp(‘ndi(uilar to tlu^ fa<*.(‘S. 
L(‘t tlu* initial tenqH*ratun' In* any L"iv(*n (unetion of .r a.nd h*t tlu^ two fa(U‘s be 
k(‘pt at tlu* constant t(*nip<*rature zertq t(» hud tlu^ tmupt*rature at any ])oint of 
tlu* slab at any tinu*. 

\V(‘ have to solva* the i*(piutit)n 







/>fii (r 





G) 

Huhj(*et 

to tlu 

* eonditions 












It 

-0 when 

./• 0 




(^) 





It 

0 ** 

.r«:c 




(3) 





tt 

• /■(./■) “ 

f^i). 




(4) 

In Art. 40 

Wi* have* found 












It r ' r 

sin «.r 





and 





It . r *‘®‘**^ 

eoH «.r 





ns particular 

sol at if 

ms of 

■ ( 1 ). 







tf i 


sin itj' 

sat i 

Hties f 

2) whateve 

*r vahu» is 

given 

to a. 

It:; 

Hatisfu^s (B) 

i 1’ u 

mir 

I* 

pi’ovifii 

isf m 

is an 

intoK^er. 1 

,e( UK try to Ituild a v 

aliu> 

of i( out of 

terms o 

I' tilt- 

form 

Jr 

mVi , mirx . . . , ,, 

'■ Hin wiueh shall s 

e 

at-isfy 

(■0- 



We li 

iHVe 













J' 1 SS' 

,H-- 1 

. mrrx / 

sin I 

r j 

r 

\ . mwk 

/(A) .sin r/A 

’ ' c 

I 1 


(fi) 




2 » \ 


ii’sia , mitj 


mirX 

#* 

I 1 


(f5) 



it - 

> 

r 

Slli 

|yiAi -sill 



rtshu’cH til (5 1 when / o anil osir required solution. 
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SOLUTION Ol-' l>HO»LKMS IN I'lIVHU'H. 


[Akt. (! 1, 


KXAMI’LKS. 


1. If f{k)=f>, a w)nst.aiit, ((>) AH. (id rciliii’cs t.i 


. Tf-e , 

6 — 5" sin h , 

C 


Uu^ny . llTT.r 

“* «.a Sill 


( 2 . An iron slal) 10 c.in. thi(‘.k is ;uul in (‘untart with two 

otliei* iron slabs oaoh 10 c.ia. thick. 1'ln‘ trin|M*rat tin' «0' tin* iai0<lh* .slab is at 
first 100® tlirou^Oiout, and of tin' outside slabs O’ tltn»UKbuut, 'Fhe milvv 
of the outside slabs are kn[)t at tin* temperature tt He«|uireii tla* t«*mperaturt' 
of a point in the middle of tin' middle slab lil'tiaui minufeH aitn- the slabs hav(‘ 
been placed in eontac.t. (liveii ' 0. 1 .sr> in niutn. Ans., 10**..*i. 

3. Two iron slabs i^aeh 20 tan. thick one «d' uhiidi h at the !»*mperaturt‘ (0 
and the other at tln^ t(mip(*ratun‘ loo’ throuidanU. are placed tntu‘tlier fn(‘e to 
face, and their ouO'r fats's art^ kept at the temperaliire O’, hhml tin* t<*m- 
perature of a point in tht'ir (’omunm faee ami of puiuts litem, from tin* eom- 
mon faee liftiHUi minutes afO'r tin* .slabs have been put tta^efber. 

22 '.S; la'.I ; I7*\2. 

4. One faee of an iron slab 40 em. thiek is kept at tlie temperatur«‘ 0 * ami 
the other faea^ at t.ln^ tempt'raiun* ItH)” until the permanent state «>f tiau- 
peratures is set up. Mach fact* is then kept at tlie temperatiiie tb. l^etpiirt'il 
tin*, tiuuperaturii of a point in tin* miililh* «d’ th** .'»{ab, am! id piunt^’* Ht iuu. l'n»m 
the faiuis fifteen minut(*H afti*r tin* i'iMiliniii: has bemtu. 

22'\s; Kr.T. 

()L If the faces of tin* slabtrcaieti in Art. iuHte;nl of hiuui^ kept at tin* 
teni])erature zero are ri*mii'n*d impt*rvi«»us tn heat, tin* sulutnm id the pnddem 
is easy. 

In this ease we have to solve tin* i*<piatiim 


subject to the conditions 




I>,jf when r O 


0 ** .r 

We have only to use tin* particular siilutinu 


as we used 

in Art. GO. Wt*. get 


It s;;::, r ^ ^ ruM iia* 


It ^ r •**•*'' sin fi.r 




miTT i* . 

.r''ee»H jyiAl' 



CHAr. ^V^] FLOW OF HFAT IN A SLAB WITH ADIABATIC FACES. 
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EXAMPLES. 


1. S()lv(‘ (‘xa.uipU' 2 Art. (U) supposhii; tha.t the. outer surfaces are blanketed 
aftcu’ tlu^ slabs art* placed i.ogi't.luu' so that lu‘a.t (*.a.n ncdtln'r enter nor esc.ajxL 
Find in addition tin* teinpiU’atun^ of tln^ out(u* surfa,(*.(‘s tiftcHUi niinutc^s afttu* 
the sla,l)s art^ {>Iac.t‘d in <‘ont.a.ct. 

2. Solv<' ('xa.inph' Art.. ED on tin* hypotlu'sis just sta.t(‘d, g(‘tting in a-dditiou 
th(‘ tenip(‘ratureH of points on tin* out.er surfactss. 

r>(F; (hr.l; 27".2; 72°.8. 

2. Solvt'. (‘xa.niph^ 4 Art. <U) supposing that heat luutlnn' (‘utiu’s nor (‘S(;ap(‘S 
a.t tln^ out(‘r surfaces after t.he piunnamnd. stat(‘ of t(unp(‘ratur(‘s has be(ui s(*t 
u[), Fiinl also the bunptu’atures of points in tln‘ ouhu’ surfa.(a‘s. 

./as., ()0".2; :hr.o; ()4®.r>. 

4. Show that if // = 0 wlnui .r = 0, when .r = c, and // =/i^,r) 

wluui 


■m- 


tyw I . (2 Hi 4- I iTT.r 

Hin — 


" Hin 


(2/// + l )7rX 

2r 



Si((/tjrsfiHii : Ahhuuu' wlien .r rss 2e and f{2r — .r) = and see 

((>) Art. (it). 


(i2. If tin* teinperat ur<* «d' the righi-hund fact* of tin* slab considtucd in Art. 
(iO is a constant, y instead of 7<*ro wt* have only to add to tln^ sta-ond n]i(‘ml)er 
of 0)) Art. do a tt‘rm which shall sat isfy the eontlitioim 

( 1 ) 


f/j 0 when .c-sO (2) 

f/jr.7^0 “ i^{) (A) 

y ^ 4 ) 

obviously fiidisfies (iK |2)» uihI (4); t(» make’ it satisfy (8; as W(*ll 
we iiuwt adtl a term lOj which hIuiH Im* <*«pijil to zero when .c^^O and wluui 
a— e and to — when /* *()» while always satisfying (1). It is given 
immediately hy (0) Art. 00 and is 


it 



. mwx 
sin 






r 

,A"' 


mwk 

Sill ' ' a A 

e 


eoS //ITT 

mw 


I y** ^ 



///TT 
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SOLUTION OK J'ltOItLHMS IN I'lIVSK'H. 


£Aiir. (i;i, 



I 


If tli 0 l(yffc-lian<l fatu' of tho .slab cuD.HicIrnnl in Arf. r»n is fn hv k<»pt at a 
constant tomporatun^ /i juhI iho ri^^ht hainl larr at iIm* trinpfn’atnn* y.nro \v<' 
can ^’(‘t the tonn ■?/« which mast 1>c aiitltMl tt» tin* Hju'nml mriulun' of ^(>) Art. <>(1 
by i‘e 2 )lacmg y by ^ and a* by c — a’ in (7 ). \\ r thi'!i b;a *« 



KXAMPhKS. 


1. Show that if u^mf} wdion wlion a*™*-, ami w » 

when j^assO 


r 

^■-X( 

1 


, hiTTrX 

tmm 

* f 

1 

- ) J 


TT ^ \ 






2. Show that if waa/i wili>U ,, It 

whwi x=s/t ’ 



4*’?’’™***' ^ i 1 1 * 




03. If the tcinp(‘ratun^ of the riK!it4«iii*{ fan^ 
a function oi tin* time iimtcail of a I’oiiHfant ami 
hand lac(*. in ztu*o tln^ problem can !m wilveil bv a 
that of Art, 51. 


of till’* M-hib jimf «’i ncadt’li'd is 
t 111 ' !*'|l|| »<-| -tf Ul I'm! t fir Il’ft.- 

njrf hfiil loMi ]% alnif umI with 



Chap. IV.J 


TKMrEUATUUK OF ONE FACE VARIABLE. 
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L(^t <^(•^’’,0 of x ami t which shall l)o zero if t is less than, zero 

and shall be equal to 


m .30 

r TT -w \ Vi r / 


[v. ( 7 ) Art. 62 ] if t is (M|ual to or gnmttu* than zm-o. 8 o that 
<^(A /)=0 if /<() 

) =■= 0 ‘‘ / = 0 \inl(\ss X = e 

^(.r./) 1 / = () and x^c 

) I X = r 

r:^() x=:(). 

Precisely as in Art. B 1 wt' got 

,, = r /'’(/.-r) /‘■’■V- <^C' /-(A- + 1)r)lT -| 

4- 

as t.h« rt‘(|uin>(l Kohition of <inr pnililcin, n hciiijr uh in Art. i 51 the largest 

f 

intt‘gt*r in - wIhum* f w any given value of the time*. 

T 

On our hypothosiH tin* last tt*rm of (I), that is, — — (a + l)T]== 0 j 

the m*xt to tin* last t«*nu /‘\//r •“ vr) has for its limiting value 


F{f)i^{xjy} Fif) 




while as in Art. HI tin* limiting valiu* of the re.st of tlu* sum is 








Iloiu^e 


Le 7r-^\ Vi r /_ 

I 

-'fill- 11 -.. "i.. A... 

» ^ It ’ 



no 


SOUTTION OK KKoIU.KMS IN 1‘HVSIOS, 


( 13 . 


m cx 

f'-w+lsD 


( — I )"* . ///TT.r / 

— — Mill ■ / Af/ 


Sin ~ / /'(/) 






-/A 


If we sxil)stitut(‘. /S = — y - ( / — A ) \v«* ]i(ct 


X 


/«« 1 M 


/i.'- 

Nl '%•"■ 


(■■i) 


KXAMI’I.KS, 


1. If tlici tciiiiK'rafcurc (il tlic Icli-liaiul laia* is a Cuiirtiuii uf / aiiil tin- ti'in 
perature of tlio riKht-luuul fa.-o is zm. aii.l th.. iaitial t.-„.|,.-rat.uv is /.-ro ' 

• ’H "f 

. . »« «» .t '■ ' 

2. If tho tomporaf.uv of fl,,. !..n.l.a.,.i la.... a ..f /. ,1„. j,.),;,.] 

tcm,..uut,ui'<. IS /,,.,-o, an.l 11 ... .1^1.14.0...! la,-.. ,s t., I...al, 


mm (1 ' 


sH 


(L*w »| I rVf V ’ 


\3n . . 


*’</A 


)]■ 


JI. If m Arts (i0.(!2 wo iiro .l..alii.K' will, ,, „| s....fi,.„ a..,l .,r 


“i = y| 


if 

(( 


-"+2W. 

Hinh- TK 


, /wTTj-j ] 


Mill 





CliAr. IV.] VIUUATION {)!-' A STlllN*; KASTKNKl) AX TUE EJSES. 


Ill 


(j‘) (>(|iia,ti(>ii (2) Art:. (t.‘> h(‘c(iiii(‘.s 
hr 

m ■* 

1 )'' 

jU \ /.z,.a j 

sinh 


sinh 


m ■* 


i 

”” " ^ 

0 

(M. Tin* prohh'in of ili(‘ niotioii of a finitt* strctcluul (‘lastic. of l(‘iigth 

/ fastoiHul at thf cihIh and distorttal at first into soni(‘ given curves //=/pr) , 
a.n(l tlnni allowaal to swing, has Ixani tr(‘at(‘d and partially solved in Art. 8. 

'’riu‘ (‘omphd.t* solution is (*asily S(M‘n to Isa 




in -■ 1 


miTJ* lUTTitt 

^ eos 


rrat /' . . 


mirX 

Hin • (Ik. 


0 ) 


Tlu^ HCH'ond member (d‘(I ) is a periodie futH*tion of i having the period 

2/ 

— . Tln^ motion, then, unliki* that in tin* earn* of an intinib* string (Art. Hf)) is 

(( ^ ‘Y 

a trm* vibratiem, a periodic motion. Tln^ pt*riod — ■ is tlu' time it tak(\s a dis- 

(t 

turbanee to trav«d twice the length of tin* string (v. Art. 55). 

A carei'ul examination td‘ { I ) will show that tin* a<‘tual nud.ion is a good deal 
lik(‘ that in tin* cast* considcrctl in Art. do. Tin* original distnrbanet* breaks 
up into two wavi‘s one of whitdt runs to tin? right until it nanduxs tin* (‘ud of 
the string atid is then reflected, and runs back to tin* h*ft or tin* un(h‘r Hid(' of 
tin* string, while tin* other wavi* runs to the left and is r(‘fh*et(*d at tin* left- 
hand t‘nd of the string am! runs ba«*k to the right under tin* string and is 
again re!h*eted, runs l»uek to the left over the string and so on indt*finitt*ly. 

If the eurve* into whieh tin* string is distorted at the stiirt is uf the form 

f/sszzItHin tin* Htduiion is 


, , mrrx wintt 
i/ fi Hin . (.ns 


(^) 


No mutter what valm* / may liu-Ve the eurvt* is always of the form 


, . ///ir.r 

i/ A mn -'y- ; 

that is, for dilTeretii vitlueH of I wi* have a set of siin* eurves tliffering only in 
the amplittnle and m»t at all in tin* period of the c*urve. In this east* eith(*r 
tin* wlndt* string if m 1, or t*aeh iiith of tin* string if m is not etjual to 
(Uie, rist»s and fulls, ami tln*rf* is in» iippur<»nt tmward nndion. When this is 
the ease we are saitl t«» hiivi* a ntmdif vibration. 
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SOLUTION OF lMU>aLKM.S IN UiiVSICS. 


1 <>4 


Jf w,==l wo g(‘t st(‘july inotit>n nl’ flu* Ntririir as a w huh* aia! if Iht* viUrutiou 

is nipid oiumgli i() Kivi ‘ ;l uiusioai uuIp t In* >,0*1 It i Ih- t 1 h* putv I'uikIh. 

mental iioto <> 1 ' ih(‘ siring. IT fff - Hir viLralitoi i. tun-** as rapid as wlnai 
m == I j tlu^ iui(l(llt‘ point of tin* st riiiM; doi^n not nno o and i-. oallod a tnjd<\ tla» 
two lialv(^s of tlu‘ strin.ir art* in ttppitsito phanr'. of \i!»ratio}i at any instant, and 
tlie note, given is an oetavt* higher than the tundainenfa! nutr ami is eallrtl itn 
])ure Jntnno))h\ 

If ;//s=d tln‘ vihratiim is three tinn'.s a^* tape! a » ui t ho tir O easo, th<*reare 
/ IV 

two noth'S .r ~ 7 and a’ , ami tlie m*!o tin* pure A a r wo// /r of 

,> •> 

the fundanumtal imim 

For a.nj valiu‘ of m tin* viijratitm is m limes as rapid a * when w I, there 

/ ‘J/ a, I 

anm/// — 1 nodes at tin* points a* . s .••• / am! we 

m m m ^ ■ 

111 — 1st luinnonii* tif the fnndaniental note. 

It is (d(‘ar from fl) that, no matter w hal the nriKinal tonn «»! the string tin* 
resulting vibration ean he regarded as a eomlnnat n*n m| sfoad\ \ ibratnms (*a(*h 
of whi(‘h aloin* would give tin* fnmiamentat m*io »»! thesfiiu.^^ nimrne of its 
luirmouies, and that tin* eomplev m»te residtini: is loally a eouetnd td tin* fun- 
damental note and some of its harinoni«vs. 

A tiindy traiin'd ear eun often reeogni/e in a eomplex iimIj- the fundamental 
not(^ of the string ami s<mn* id' its hanmmies and is oapahle id analyzing a 
eomph^x noti* into its eomponeiit pure mdi-t prrojs«d\ as Fimrier's l1ieon*m 
eualiles us to aualyzi* the eomplex tum'tnm represent ing ilie mitial form of the 
string into the simpler sinedunetinmi whndi mn a l»e roiuhineil t»i lorm it. 


KXAMPtJsS 

1, Bhow that it a point \vln»se iiriianee Irton fine eii»l of a harp string in 

-th the length of the string is drawn aside h^ the |da\or^i. tm-or io a ihsfanei* 
n . * . < 

// Iroui its position ot eipiililirinm ami !h«-n ijd*M ‘»’d, tho loiui of ihv \il»ra!uig 

string at any instant in givi-n hy tiie ispi.iii.o^ 




(/m 




'A. 


Hi "ir 

.siii sin 

li 





i 




Show from this that all the liarmoiiieH of the linidaineni.il iinte of tin* 
string whiidi eorn*spond tu furniH itf vihraiion li.ning iiMdes at the point 
drawn aside hy the linger will Ihj wanting in the i“uiii|i|e?i in tie aeliially 

sounded. 
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2. If a st.riii|j^ start.s from its position of e(j[uilibrium, each of its 

points having a givini initial v(‘lo<nty, so that W(‘. have 

//==() wlnni f==z{) 

2)^ y/ ST /r=() 

// = 0 .r==() 

// — 0 .r = /, 


the solution of tin', problem of its vibration is <‘asy and gives 


♦> 

(trr 


X( 


I . mTT.r . mTTttf 
- sin sni — r 
m. t I 




3. Writer (h)wn the sointion for tin* (*ast* wIhu'i^ the string is initially dis- 
tort(‘(l and tMieh point has a. given initial velocity. 


33. Ifw(‘donot- neghs't. the rt‘sist.anee of th<‘ air in the probhun of tlu‘ 
vibration of a. stn'tehed string the differential cipiation is rathm* more eompli- 
e.attsl and the solution is not so easily ohtaiiual. I'lie tspuition is given as (ix) 
Art. 1. 

Let us Holvt‘ the problem f<»r the (‘ase \vher»‘ tluuH^ is no initial velocity. 


Here liave 


-/{;// . 

(1) 

// 

0 when 

.r 0 

(-’) 

// 

{) 

.!• / 

(•■*) 

// 

j\j'} ** 

f : -rO 

(■I) 

/Ay 

0 O 

/ -- 0 . 

("') 

Wh* get partieular solution?^ o 

tf { I ) in t he 

‘ usual way. 

Assume //xs=e®**' ^ 


and snhsiituie in c IL We have 

/f^ } i/V 

us the iuily uceessury relatitai betwi^en and a, This gives 

/i A I Vem-TF. 

IL*neo // 11* (g) 

is a solution td' f 1) no matter what the valm* of a. 

To throw it. into 'rrigonoim't rie form rephu’e a hy «/, and Hinca^ in a.etual 
problems /r, wldrli is proportimial to tin* ri‘sistunee, is vm*y small, takt* —• 1 
emt U.S a faetiir of the radieal. W*e have 


t 


1* f M*4 * f'*' 11*4* 1*0 
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SOLUTION OF Ui:oBLKMS IN PHVSH’H. 


[AjtT. (15 


Since a may be ])()Hitive or iH‘gativ(» can gi*t 

<•/= {' sin {as J f V k'^) 

and 1 / = r <*o.s (a.r :f: f V — /r'^) 

as solutions of (1), or l)y combining" tiics«‘ 


sin aj' cos / \ tra^ ^ 


//='■ 

y = /' sin a.r sin / V >iur k'^ 

y = V ' ' CCJS (tX vtiS f \ a it" "*■■* X’^ 

// :r“ (•( ts it,r sin / V c it ' 

(7) and (8) satisfy (1) ami ("f for all values of 'n„.y satisfy (d) if 

a= — . Let us see if out of tlnun vvc cannot bnihl n|f a valnc that will satisfy 
(4) and (5) as well. 


U) 

(«) 

(f) 

( 10 ) 


JK \ 2 / . WTT.r I* . tttwX . \ 

./(•'•)= ^;^(sn. ^ JyiAiMi. ^- ,/Aj. 

«»- l 4 ) 

, ,:w*'7r"o* , , /* . mirk \ 

= /'■ “7~<‘-s/ Y -/tJ/.A, ,M., "'p,/Aj 


IW 1 


( 11 ) 

(!•-') 


mhmes to (M) wlmii t .~-0 aial llifn-fon- sa(i-,|i,-H , (), 

III it ’- /! . - 

2/ (V / ""Ox - • ■ /. 




W| »■ ,./■ ^ . I 

li/i’ >^ / , iflTT^r Un'^ir'ii'^ t* mfrX \ 

/,,« At""* T* ' \ I .'''A' / '/a) 


(i;!i 


Wlmn t~i) tlio first lim* of fltc tni iin'iii!ti-r of ( f.ii vjuii.'ilii's hat tlic 

Hecond line r(‘diie(*H to 



1 


///TTa* 
/ . 


//.A 


I .Hin 


wwk 


-.0), 


We. must, then, introdun. into ,!l', au a.lditioi.al form whirl, shall .•qual z.-ro 

when .'-O and whoso durivativ.- with rusi lorHlmll ram-.-l ih.< t.*r)u alsivu 

when i? = {). 
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11;') 


This is easily h('(>i> to he 




I 


L 


tn 1 




. ///mr . 

““ sin -“-y- sm f 
0 

/.U 




H(‘U(‘(^ our sohii-inn is 


»» . I - 


, /'■ • .. /w V’*-/''' \ . W7r.r r . wttX "I 

H r -- ^ V « ^'1 "T“ I . 

^ f ’ 'I ^ j 


(M) 


Ih‘n^ th(‘ fart that r vvhirh (ItsTc’Ust's rapidly as t incnnisivs, is a fWd.or of 
the wh<d(^ seenud niemln'r shnWH that tlu‘ aiuplittah* of the vibration ra|)i(lly 
(hH‘.n‘aHt‘S. 

(loiapariuK this solnti(»n with that given in Art. hi for the (’ase wlun’e th(*re 
is no ri'sistanee wt* sta* that tin* period of any given h'rm 


, . tfirr.r 

J sin ^ eos / 






is gr(‘ati‘r than t hat (d f in* t‘orrespt»nding term JiSin ^ - eos — in Art. h4. 

In other words tin* etTtnd of the resist auee tjf the air is to iiattmi some- 
what t‘aeh (nnupoiient pari of tin* note given hy tin* string. More than this 
sinn* the periinls of thedifTereiit term.s of f M ) are ni» longtO’ exuet suhmultiples 
of the peritjd of the first term, the caiinptment nott‘S are in» longin' in pm*fet*t 
harmony with lln» fundamental note of tin* string, and tin* idi*al pm'fec't har- 
mony htUvveen the fundamental note and its harmonies is not (piite realized in 
any a«‘tuui came. 

Wlnm k is very small, as in the ease of a fim* .string, the ileparture from 
ptu'hnd; harmony is very shght; hut in the ease of a eoarse siring or worst* Htill 
of an ehwtie rihhon. wliere tin* resistanee of tin* air is taiiisitlerahh*, tln^ 
unmuHit*al eharueter of the sound is v**ry notietmhle. 


KKAM!*hKS. 


1. Stdvi* Kx. I Art. f»4 allowing for tin* resistanee td‘ ilte fiir. 

2. Solve Kx. 2 Art, 114 allowing for the resistanee of tin* air; 




w rt- .f-, 

'S( 


1 

V - 


■ Hill 


aimr 




. ■ I 

Kilt f y— ^ /.•■'. j /-(A) «m </A J 
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80WITIOH or mimtMm m mrmm. 


3. .Bind a {mrtit’ukr In t;:i mu fh,* 

the fonu //== r.d> \vh«ii* 'i -i **! t a’lMiM’ .ind d" u fmu.tic 

aloiu). 

66. Wa pans on in»w mI |.TM|4riir^ th.ii r*-i|uirr tii*. 

and extan.si«m tif Inmrior’H ih.’ /i# itiV, n 

inbrntlon t{f (t Hr . jin! ,4. an iiif r*»diirli«iit 

formerwaHlm.il firnt oniiHiili’r lli*‘ %ria Huii|.|f j.rMl4»’iii; n, fj 

temporaturtMif any jHiint i»f a H|»!irr<’ niifral f rni|,rr.ii!ir,^ in 

function of r t!it» diNt.iiiiri' nf th*’ |»«on! lu^m ih*‘ ainl wlumit 
kept at thi foimfjiiit toiiipoiiifnri' 

Hera wa ara to 

i ^ 5 ? < rf "*/#/, #'tl | , 

see [v] Art, 1| mibjael In if»’ 

II f\ri II lir'ii f ■■'.'ll 

I# fi " f’ ^ 

if is the m\im» 

Let anBfii, thaiMiiir i*niiiiiii*ii« k'r-Miar’. 

/V' 

a "■ I fi r I B hr-fi f II 

t* , ■ hr ■" j 


f ■■ ft *■ H 1.1 , 

Our pfotilein li iitiw ilmi mI f«'4 „,iii4 %*•, |in%"f» i|j:| fnif siiiiitioi 


r««:V 


i:(. •■■■;•• 


nili 


m W 



'i . 1 . « 'Ult 



•|» /i r -f ■ ^ I ’ 

• ‘*-#1 




r.\ A 


1 . If (K) Art, fill rr» 1*0- !i» H! .-■ /» and iln^iv ih ih* rliar 

taiufmmtura. 

2 * If tltti iiiitiiil taiiijun.itnir .nad 0 

«“A+ I . 'r ' *, ..in" — 


(’ll AT. IV.] 


OF A SPUKUK IN ATU. 
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;>. An iron sphon* -lo nni. in dinnn'ttn* is lu'jiiod it) tlio tomporatiire 100° 
(*,(‘nii| 4 i’ad(* tlirou'^hoiii; its siirOnu* is tlnni kept. :i.i i.h(‘ constiuit t(‘m{)tn*atiirn 0°. 
Kind tln‘ ioinp»‘nit.un‘ (d* a p(dni 10 cm, from iln‘ ctmti'e, a,ud iind the tmn- 
pcraturt‘ <d' tin* {•(‘iiirc, lo minut<‘s atlcr coolinj^^ has h(‘gun. (liven 0.185 

ill (Ml.S, miits. 2°.lj 3®.3. 


(;7. ir inst(‘ad (d‘ havinif the teniptn*at un‘ of th(‘ surfae.e of the sphere 
consta.nt., the sphere is placed in air which is kt‘j)t at the constant tem- 
ptn'at.ure zt'ro, t in* prohlem is much mon* complicaO^d. For in this cast*, fche 
snrfact' t.t‘mp<*rat ure can m» hm^n*r he simply <*xprt*sst‘(l hut is ij^ivtm hy a n(‘W 
dinVrential epuaiitm 


\ In( () wlnm rr=r, (^1) 

wht‘r(‘ // is an experimental constant <h*p(‘mliu^ upon what is called tlu* sur- 
fac(‘ comluetivity ol' the splnu’c. 

Our t*(piationH» then, an* 



(-') 

when / = 0 

(’•0 

H d" if ' 1 1 W h(*n /* aa« 0 . 

oo 

= nt ; t hen We have 


/^r 

(•'■') 

VTx- rf\r\ when /»k 0 

('■>) 

r 0 »* r53E 0 

(0 

/>r j ^// r 0 wlam r=ar. 

(«) 


^ (.,c4 nr and r r nr have ulrtnwly heim fouml us par- 

ticular solutiems til tNce Art, Ooi. 

r ^ (0) 

Katisties |7| tor all values td' 

Suh.Htitiiie tliiM value ot r in tS) am! \o' have 

#ieeMnfir -f t/tr llsinurraO, 

If «!, IS a value of a wlii«’ii is a runt ol the t ransctunhuital et|Uation (HO 

c r sin fii#’ (11) 

will Hatisfy <au |7i, and (SK 

It rtuiiaiie. !o s*‘e whether out of terms of tlu» form given in (II) we cun 
halld up a value of r whieh will satiniy (tH. 



IIH 


HOLri'lUN IN 


[Aht, (\r 


When /■"-() tin* •» 

1,11 


Ijrtc** 

t*' Hin <i| r. It thc*u we 

(*an <*xpn\ss rf\r) us a sum “t t*‘nu » *‘1 
of (li)) 

iIm’ 

1* niH 

Hi 

is r whoro fi^ is a root 



Hill *1^ r 

(12) 

will sjiiisfv all oi' tin' i^iuataaiH ,;m. iT. 
minium. 

.T 

\ .inO 

i , S 

.i,!i 4 Will bi* f|it« rot|uirtHl 

Unvi\ tlu'ii, wo liavt* a tu*w |Unt.li iu 

.Ml>b 



! Ii.if * ‘t »i*n o|t»|»ing iu a 

F(»urit‘r\H 8ori(‘s, but ratlua* 

Iom!. 

•4. n. 


. tM 4r^«4M|i any fumainu 

X in a Horit‘s iif tin* iHrin ‘ 

X.,, 

!i«'S 

«■ *X., 

i'> .1 uun mI' ! Iir in|nati(m 

(10); (H* if wo null i*»’ «|» atol h< 

t 


trl^- , 

*lr,, . . 

‘i.,, y. a RHit 

i>f tlu' o^niutiou 





OM'i ||t * 

y Ml: 

k *i» 

It 

(111) 

(ir miii'i' niuiiily >il' 




(Mj 

• !■« 

.111 «!♦ 

H , 


ivnuauboriisg itmt tin* iuni ih*- Iriui ii 

15; 

U'il U. 

’ *M|vhii t't»r ill! V'lilim.H (jf / 

hotwiani ‘/oro uuil »*. 





If in a rntii uf 1 11? • 4,.» 

.1 

4 



• ^kn i \ 

hiUfo am X - ■ Hill 1 > j 

IIh' ' 

l«M lir-- 

1 .4 ! 

111’ ii*qniro»i 4in*i*|n|mn*ut 

whii'h t’nrrt's|iunii Ih m. 

1% In' 


hinr4 

u i! I> I Umho oui'roH|i«iiuliu|; 

tn jumilivo roots» unb lliorotMr*- io** 

•4 r... 


I *,uh 

, 1 M S'.lf U O ft H if ‘i , 

4 ;■ r- 0 is U run! *il' 1 111 bn! 4.H Hill M 

II ih.i.- 

Will l»o nil I'MrrosjHtfttliug 

tonn iu tin* il«»volii|ti»rii! . 





If wo oiumtruol tin’ riirvo 





y 

1 

p 

.r 


(ir.) 

aiul tin? onrvo 




5/ 

1,111 

,r 


(Ill) 

tin* absoissus of tlnnr uj siii 

r 1 

!i.m 

.U‘' ** 

*»!' r wliioli aatiHl'y 

* ■ iau X 0 » tluit tiro iHwan »* 

I 

i,if ii >n ,11 

|! i-i fss Hi'o that 

P 

tlioiH* will uhvuya 1m’ an iiitiiiiio immi 

«-r .4 



! I S. 1 ' - 1 , i»iir tur oarh nf 

tlu* hrimolioH nf tho [rriiHlio 

If 

t.in .* 

li 

ii-h in’ III Mio right *4 the 

wrigim Tin* inmnaloiii viiliion *4 ihi 

I’Hr 

<• 

■in 

i4i! -iHi* 4 \t% .Ml im.hv I'nia 

putatinn. Tln» lainHiriirtinii 

.^4 .1 



-1 fh.i! .i-. ^11 iiii'tfaHOH 

will nqmUy inq»rnui‘li tli«' valm* i/Jm 

■■ 1 

*ff 

i! 

y ; 

Mi-ir Ml if |» iH iiogntive 

ami nmin*rioully 1 »*h.h than imiiy, ami 

< 

1 

a 

|» l'% uogalMiO iitnl UUIUOR 


ifully gn‘at4‘r tlmu iiiiily. 
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There exist, then, an inilnitc* number of positive real roots of +jp tan =0 
and eonHeij[uently of 

ae (‘OB ar + (Jk — 1) sin ar; = 0 . 

08. The (levcdopnumt (‘alhnl for in tlu^ last article ean be obtained very 
easily from a simphu* om* whic.h we shall now ctonsidcn*, nanndy, to develop f(x) 
into a series of the form 

f(x) »« sin 0 * + f/g sin + (H bIh -j — • (1) 

wluuH' • itre roots of ilui tapiatiou 

^ {‘OS + p sin ^ 0 , (2) 

the developmcmt to hold for all values of .r ludwtHui a* = 0 and a‘=l. 

Ijet us proeec'd as in Arts, *J l and 27. (’ail — and form u etpiar 
tions by substitutiuK for x in turn in tht‘ eciuaiiou 

ffp*) =3 sin if>i X + #04 sin .p. . . . -f- nin (j^^x ( 3 ) 

the value's A.r, 2A,r, HA.r, •** nXv \ this bciuK efiuivuhmt to making tlm valims 
of tlu' Hiuu and the funetion ruimdtlt* for the n vahu*s ot x substituted. 

I'o (h‘tc‘rminf‘ any eortlleiioit o,,, multiply tin* lirst (Mptaiion by A.r. sin (^„^A.r), 
the Hcnumd by A*r. sin |2«A„,Axi, tin* thinl by A.r. sin (;h^,„A.r), and so on, the 
nth et [nation by A.r. sin | //c/i,,,A.r); add tin* equations and compute the limit- 
ing vnlut'H of tin* terms d’ iln^ rt'sulting etpmlhm as ;/ is indtdinitedy inert*as{‘d. 
This as in Art. 24 is seen to iMMHjnivalent to nndtiplying (3) l>y sin 
and integrating betwiam 1 he limits .rsaO and .r = l. 

The first member of tin' result ing equation is 

t 

lj\x) sin 

r 

The (Hietlk^ienfc of ii 

I 

r*siu sin 


X 



xJx . 


and of is 



J20 


BOLUTIOK I'U<»llLKMS IN TliVSirH. 

1 


1 1 /* 

^siii<#>txsiu^„a-.j/.r.»s=., | IfW (<h i</,, -}- 

\ r.siti {tk ' '• I' ri 

cA, ' -k, 4. I J 


4*i rtH nIu ■ ■■ Hill rt$H ^ 


But 

and 


<^tn ■ t ’ ^ ^ ^ ^ ^ *-»* I • 

Hence the numerator of the mmhhmI lomilHT of f l ) in ivm, mid the on 
of (Im vaniahes if k in not t'quul m. 

... ...... .^^ 


/ sin^ 'OS -- run i'uh 

'^*Pm 

^ i 

Therefore «„«•“ — ” . (/».»■» sou <;.„.*■.</.(• 

, Hill 


1 r , ~4>„ 

-L -'</►« 


‘.'•A.. 


The eoeffleient of the intt'jirni in (<Vt I’iia !«' lr.iii'4i'iitifil iw fulUtwn h 
to involve trigonometric fuiiftimiH. 


Hence by (7) and (8) 


O..H 


im •/•... 

! f, Hill 0, 

Hill 



r 

< >»^^ <}>, 

„ /•■'“u’.K,. 

(•t-J \ /'* 

t <■•>»' •/>„ ' /'% 


!' ... 

/' 

•k,' t /-^ 

. silt 

'T',.,* { py f -t* 1) 


A j ^ I *1 " % 

and a^mm -*"1 ^ ^ I \ nm 4^ttjim , 


Therefore our required devidi»|uni>nt 
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From (10) it (‘anily followH tlm.t for vjiIir^h of .r botwcu^n 0 and o 
fi^v) = sin «i.r + HiH a.y* + win a.{,r -j 


wheiH^ 


« J "f” p* ^ 

««'■“ + /'( l> + l’)J 


and iw a root of tlu^ ('({nation 

ar <*oH av -f- p win ac = () . 

It iw to 1)0 ohH('rv('d that if p is infinih^ (Id) nalma's to 8ina^? = 0, 

bo.C'Onu'H and (11) and (12) our ri'gulatiou b\)uri(‘r aino stu’ioB (v. Art. 

dl), and thoia'fon* tin' ordinary K<mri(*r di'volopmont in aino at'rioa is merely a 
H|)(‘{dal oaao of tin' problt'in jnat ho1v(*(1 

Mon'ovt'r aiina' tlu^ Fourit'r int'thod of (h‘t(*rmining the ooeiliciouta of such a 
Borios ro(j[uiroH that 


that ia tliat 


j ain ri„,.r ain a„;r.r4r 0 , 


win (ti„, 


or n'duoingi that 


coH ^ coh 


or that and ahonld bo rcadH (d the* (*(|nation 


wlu'rc^ p h Honn* oonatant, it folh»WH that W(' have obtained in (11) the moat 
g(*noral Bint^ dt'vtdopiinnit that (am la' obtainod by Fourier’a method. 

KX A MILKS. 

1, Show that the Holntion tif tin* jirolilem (»f Art, 07 in 

m -#• 

rii T . V /i„, sin a„/* , 


wlioro A 

and ia a root of 


.2 -f. I //r -« I 

e 11, Jr'*^ + /tr (hr — LL 




ar row mr + (/e- 1 i ain ar 0, 
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aOMH'ION OK l'i:oltI,KMS IN I’llVSU'S. 


[Aut. (18, 


2 . If the initial tt'iiip{'niture of fin' HpluT.' i.s fuiistant :ui.l t>(mal to 

— sin 

m 1 

y/i . ... I shia„(^ 

wheve = «»>+/»'■ lA- - Ii' 

a,„ fiif'** I' /<*’ i/**' 

«*1 If tho temperature* tjf the air i.s u nui^tant y iiiHlrail ul /rre iht* .surface 
eejiuatiou of comlitiou is 

,/>^a -f* // (a y I — wliiUi r #•. 

The substitution of Wi = a-~y, hnweviT, briiu^’-* llu' prniflcm under Kx, I 
and we get 

in t 

r{it — y) '''”•»' sin 

fc, ~ I 


where 



a,y+ 

4” (/<»’ I I 


I A[/| iK) y ) aiu a,^X.tik, 


C4>/ An iron Hph(*rc* 40 eUL in ilianeUrr i.h heat«*ii !».* fh»’ f«uu|H*rature lOO® 
centigrade throughout; it is then alhnv«nl tu tumI in air i.UHeh ih kept ui the 
constant tmuperatun* 0**, Kind the teinpi’ratuii* at tlie emire; at a point 
cm. from tluMuuitri'; and at the surfaein to niiiiuir'-i alter nuduii^' !i;i.h begun. 

Givcui = 0,185 and in <*,<*, S, uni! h. i i . Fa. .’k Art . thk) 

OT'Mb' ; 07A:ii‘» ; tHF.4d 

5. Bhow that if in the slab considered in Art. lio **i}e laee tn e\|HiHei! to air 
at the temperature xtusi, so that we have ^ n ti whim x = 0, 

u^f(jc) when i5=«0, and /k.a4-Zffi«-ii when j-'-e, then 


mm 

M : « win (t^r 

mm t 


where 

being a root of 


ip *4* 


a^r + /< (Ac + 1 » 

H 

an t!0« an -f- /»• hiu «c as t) 


pU) «in a. 


kJk 


» 
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(), If in the problcMu of Art. HT boat osoapos from one side of tlie plate into 
air at tlu*. pMiijx^ratuiM*. z(‘ro so that we liav(‘. D'j a I)'^u = {) ^ u = 0 when 
x = 0, a=y(.r) when // = o^ a.ml />^// -f A// =;= 0 when x^a, then 

m (f> 

M = a„,.c 

m * I 


where 


+ //'•" 

hf^ha + I), 


f.fW sin a„^X.dXy 


1[K‘inK a root (d* an eos an + ^ie • 

7. It' in th(‘ prol)h‘in of Art. 59 th(‘r(‘ is h*a.kagt^ at one side of the sheet so 
that wt‘ hav(^ I* ■ 0 , t) \v\\nn .r = (), r==() when ^ = 

l"=f(,r) wlu‘u // = 0 , and / b. T + // T = 0 wluai x = a , then 



sinh — //) 
sinh aji 


sin a„,Xy 


whcn'e n^,^ has the valm* Kiven in Kx. G. 


()9. If wt‘ luive an intiniU* solid with om* plains face which is exposed to air 
at the temperatures T I*\f) and heat <'an How only at right angles to this 
fams w(^ can solve the prohhnu rt‘udily for the (‘asc^ where the initial tein- 
p(‘raturt‘H ans /.eiuh We have 

I^n n^I)f u 

Hul)j(‘et to the conditions 

n ^ 0 wlam / ^ 0 

and P,Fft + /K ^ ^ whtm x = 0 . 

Let r — ^ — (1) 

Then c will satisfy the «»(|nation 

and wc' shall also have wlnm x=G, 

» 

Biiioe C — I'Xt) (’ = ^ I- (2) 

by Art 61 (10). 

a ^ - — /h» by (1), 

lienee Jij vdx + V ; 

V. Int (tab § 4, page »il4. 
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SOI.UTION OK IMiOm.KMS IN KUVSICS. 


[Akt. 70, 


Determining 6’ by Ui'i l.liiit, o « hc'ii .r = » we have 



(■•5) 


Substituting the valin* of /' from t'-’) wo have 


L'/o'* 

'""I 


.''I")''"' 


(4) 


as our n^quircul solution. 

For an oxtcuisioii of this nn^ilnHl tu tho IIhw nf ImmI in Iwu autl ihrtH’ <liun*ii- 
sions and for ihu ini(U’prt*tatiou of th»‘ roNuli’. |i\ ihr uul of !!»» tia‘ory(}f 
Ivutf/eSj 1^1 W. Hobson, Proc. Loinl. Mafli. Sor., \‘m|. XIX. 


KXAMiU'lN,. 


1. If tho tom|H*raturo of tin* air ia ;i pmoiio’ ftiiirfioii «tf tb,* fino^sav 
(mat -j- k,f^) ami wt' oaro on!) for fbo liioiiiin' uilur of a lui / i{uT<‘aHt‘H 
show that this vaha* is 



T. Art. r>2 and Art. f>l Kx. -1. 

Noto that ( r*** sin fhr.iLr » " ‘ **" - 

and ■ '• 

J \ /.‘ 

V. Tnt. Oal. Tnhle nf hit., (b’.'ta) umt 

2. If Dj/'+ /V^'” <». /* Ul wln-n ;/ i» aiiil 1>,V } A[ /-Vyl ™ /'] *=(l 
Wluiii ^* = 0 sltow that 


j !< *‘tir ( /''i,\)i/X 

J* r 

' J 

f il 

^ f tA I/P J-^ { lA 1 


V. Art. 47 Kx. I. 


1 0. 1 lui Holutinn for mi iiiMtuutmieeij:^ hiMnn' ui ‘*1 1 ’l'iiK^t li a! the 

point a; — X if heat escapex at Ihi' iirijjin nii<4 .m ,i! ilji- ji’ioju i.ituri’ zero, so 
that J)j.it — hu=z() when r ll , eau 1 h- i.bl.nn.'.i b. Ih.- .n.i .if \ir .V!. 



CllAI'. IV.] 


TKMrFJtATURK OK AIR ZERO. 


125 


Xj(.t V = /^i + wlu‘rt‘. i(x is thv. tinuporature that would be due to the given 
source if we had no boundary a.t. the origin, so that 


(^^ (A .»')* 

C " 4(tV . 


-■ [A.'.. 63 (2)] 

/ ff ^ Jf (( r— / Jiff h i(^^ () x = 0 . 


Th(u*(d’()r(^ 
wh(‘U x = (). 

JJut 


/ b- “““ /'l — 


( 1 ) 


' C 4f,a^ 


_ ,A1 

I C“” 4,51 


wIkui ;r 3= (). 

This is (‘usilv setui to lu* the value to which 


(,> /XH~.r A (Ai-i? 

•A/tZ-n-/ V 2ir/ / 


'Jit\'7rt 

niducoH vvIk'II .rsEsO, and tliis lust. t'X|in>ssi(in is 


(/', +/<l 


V <A 1 >08 


luSTtt 


■ e' 4,^/ 


and therefon^ .sutisfit's tin* ecjuation 

ft f • 

Q <A S .»f 

since - “ ^ W is the teinjM*rature <lue to a source at .r* — X. 
If, then, wt» deitu’ininc front tln^ etaidilion that 

rj I . /X + **’ 

— Jid^ - - -- ■ . I .,/■ — //] c 4,tt( 

V 2r/*/ / 


( 3 ) 


taking cam' not. to introduce any arbitrary constaiit or arbitrary function of t 
in our ititt»gratii>n, //.j will satisfy etjuaticni (2) and c'oudition (1). 

Intc'grating (di ("v, Int. Cal § 4. page tU4] and determining the constants of 
intc'gration suitably we get 


L^cV^tt/ 




¥ tVf , . f* 

j < 


. (A t- XU 

c 4*i9i car I , 


'] 


(4) 


Tlierefore the soluiitui of cair problem is 

a 


jeVW L 


Jk ■■ -Hj 
C’ ■■ " |,sM 


+ *• ■ — 'Ihi- >>’ I' r - *•* - (fe J . (5) 
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S(»IAn'I()N OK PKOIILKMS IN I'HYSICS. 


[Akt. 71. 


If we replace Q by./(X)f/A ami inteK'rale I'nmi i* to x we k'-I. us the solution 

for the ease where ' w ==./■(,.<■) when / 0 an<l .rl-d, and 

when it: = 0 



For an interiiretiitioii <if thi.s result hy thi‘ tlieury ..t ImuK<‘H and the 
extension of the nietliod to the eomlni-(inn id' heat tu n dimeiisiuns see U. II. 
Uryan, l*roe. Lond. Math. See., \ ol. XX 11. 

KXAMI'l.K. 

Show that if ii—J\.r) when r ■ (t and /*, */ f- A j /-'if i » j (> when 
.r = 0 we nuist take » equal to the sum of the seeond meiidieis id' (6) .Art. 70 
and of (4) Art. 61). 

71. As another prohlem reqiiiriuK u slight exteiisiim id Kimrier's Theorem 
let ns consider the vihrution id' a ivelanK'ular slretehed elasiie meiuhrano 
fiistened at the edKCS, that is of a reet.nigidar dnunhead. 

If two of the sides are taken as um-h uitd the pi. me id ei|iulihiium of the 
meiuhrano as the plane ol A 1 the equatiiui lor the uaiiien *d the memliraue is 


17 A!i:i 1 - 

see [x] Art. 1. 

17 ; ^ 

0) 

Le.t tlu^ mtnuhram^ he dintorteil at tin* Hlart 
and then allowed to Hwing. i Mir rt|uut u 

intu- Hniin* gum tnnn 
t fuiHli! an* tieui 

x~J\A!I) 

- (» whru 

,r . . U 

(-') 

s 0 •» 

.r ' 

(:t) 


V 

(•1) 

x-ii 

y 

(■'■•) 

5 — /(.r, //) 

f 0 

(<■') 

I>,x “ 1) 

f-- 0. 

(7) 


Wo can got a particular solution of (It hy onr usual deviee. .\ssiinie 

r**' * 

and Btil)Btitnt(» in (1) . Wt^ gft m th«’ muIv rrlafitm that 

lieed hold lK*tvv6t‘n a, and y* in ordrr that nuiy ^ 

solution. This givas 

y ^ ;:fc r \/fl^ -f* ff . 

Therefore x ^ f* *** * *'^'‘ ** * 

is a solution of (1) no matter what valuen are given t«» «i lunl (i. 



C'liAr. IV.] VlintATIOK OF A lUiOTANOULAJli. DliUJMHJfiAl). 
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Ecplaoo a and ji by ai and /3(‘ and vrv. have 


^ (our .)- fiy ^ V^a*-! + /32) i 

as a solution, and from tins w(^ p:ot 


and 


: sin (a.r + A'/ i (’f s/(i^ + 
: coH (a.r + 13 f/ i rf 


(^) 

(9) 


( 10 ) 


as |)arti(*ular Bolutions of (1), a and fj hou\\i; nmvstri('.ted. 

IVom (S) and (9) wo (‘.an solutions of tiu^ following forma 

= sin a.r sin /3// sin rf + (3'^ 

af = sin ax sin fii/em ct j3'^ 

z ~ sin ax cos f^if sin vf 4* 

X = sin ax (‘OH fiifvxm vt \/iS^ 

X = cos ax sin f3i/ sin rf + 13’^ 

z cos ax sin cos rf 

z =2 cos ax cos f3t/ sin rf Vo**^ + 

« =; (‘OH ax (‘OH 13 i/ (‘OH (’/ \/a^ + j3^\ 

oacdi of which will sutiHfy (*{|nation (1), Tho HO(‘ond of these will satisfy also 
(2), (4) auul (7) whatt'viu’ vuhu‘H \m t4iktm for a and It will satisfy (3) and 

(5) if a and /i are e(|ual “ and ~ rt‘H|H*etively. 

If, then, w(^ (am so eoiuhine terniH of thc! form 


. murx , /ITT// 

I4IJI 

a h 




(j^ 


as to satisfy (0) our i»rohlein will 1 m^ c*(»m|>h‘ttdy solvial. 

This cmn be doiu^ if we can express /(x, //) as a sum of terms of the form 

A sin — tiin i the sum and the function Inung ecpial wlnm x Vum 
a I* 

hetwemi 0 and a and i/ Iwtween (I and k 
f(x^l/) can l»e expresHial in toriim of sin by Fourier^s Theorem if we 

re»gard y iw (‘onHt4Uit. We bare 

jx-f , !/) = X ^ 

mm i 
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SOLUTION OK I'UOKLKMS IN l-ll VHK ‘.S. 


[Aut. 71. 


where 




sin i/K , 


f(\,'i/) in (12) is a function of //and may 1 h' di'Vidii|ii'il by Kiutrii'r’s Tlmorciii 


Wc have 




A , . ;/7r// 

Mill ,* 




Substituting for /(A., y) in (12) tln» valuo junf wt* tuivo 


n '*> tt ft 




. urn/ 

4IJ c 
ff 


w «® oe « » -DB tt ft 

m tix I H I o «i 


, mrrX , //ttu , \ 
jUlani Mii (iri) 


Hence 


' ^ CO.H i-TTf Y t j 


where 




is our required solution. 


KXAMVLKH. 


1 . Show that it tluMuinuhniuo stiirtH Ironi its |HiHttii>n i»f ♦*t|uilibriuni but 
with a given initial vehsuty iiniiresHinl u|mui rm-b fHiiiit nu thiit .i .sO when 
A = () and y) whcui -o the Kuhitiun in 


«rX2)(a»,« 


1 , mirr . /iwi/ . ' "/A 

— ; , _ HI, I - Htll ' -HUl t-TTf . ; "' .1. "!\ 

^ « h \ 


"T m * 



Chap. IV.] 


It FA rr A N< a T L A n i > it umi i kad. 


129 


2. It tluu’p in both initial distortion and initial vcdoe.ity 

- ‘-ort '■'rrt V'".i + 1 ^+ fUn VS ^ 

a b 


ni « 00 u ■'■ ' 

4 ^ ^ . //^TT.r . HTT// 

= — Sin 

W* sa 1 Jt I 


whore 

and 


. ///TtX . liTTlM , 

sin ■ ' - sin - (111 , 

a b 

. nnrX . ?/7r/x 


^ f «"> '", 7 ^ 

////'* , 


sin (IfjL. 


3. Obtain a particulnr solution of (I) Art. 71 by assuming = 71A7 >1 
wlnaa^ T is a function of t uhaus A* td’ a* aloiH% and Tot’ // alom*.. 


72. A iininbin* of intcri'st in^ conclusions can b(‘ drawn from tlu^ results of 
Art. 71 and I'k.s. 1 and 2. 

(d) No <inc (»r tin* three valiH’S of A* is in |j[cin‘ral a })(‘riodi(*, function of A 
and (*onsc(|iitaitly a vibratini^ rectangular incinhrain* will not in gmuu’al givi^ a 
musicail note, 

(A) A si ndcluMl rc('tangulur membrane can be madt^ to give a musical note 
by sta.rUng the vibration properly. For if th(‘ initial (urcu instances ar(‘ sin^h 
that the solution rcMluees to a single Itumu as will he the east‘. if tlu^. initial dis- 

tortiou in ibi' pr<»blem ot Art. 1 1 be sueli tiiat ypr, //)-: - —-sin — • , 

or the. uutial velocity in Kx. I lx* stieh that A(,i% sin — ~ sin * ^ . 

or the initial dintotibrn and initial velotdty in Hx. L* be tln‘ valmxs just givmi, 
them tht^ vibration will \m pi*riodie and will have the piudod 





Sincf^ 7’ iH a fnnetion of m and n and m and /# an* any wlude numbers, tln^ 
saints meinhrune is capable of giving a gn‘at variety of musical notes td' (litTer- 
eat pitc‘lit*H, if w and a are ImiIIi unify wi* gid. tin* hnvest note the mt*mbram* 
mu give, wlitch is ralle«l its fundamental nob*. Its period 




*J(tb 


' v„. + ,,. 

If m atiil « lU'i' Ixilh f’ljiiai to /.• wi* K.*t 


n 


h- + ^ ’ 


( 2 ) 


(.■5) 



im 


SOLUTION OK I'lUMiLKMS IN PHVSK’S. 


therefore the in(‘iul)ra.ue can b(‘ iuuth‘ to give any liariiioiue of its fuiuhu 
not(‘. 

More than thin, sinee an we hava* K<*en 


. , /r 

^ \/ f 

\ a ^ ^ ir 


is the ])erio(I of a.uy note ilu^ menihratie eau giv«\ ami ^iiiee if w aud 
r(‘plaetHl hy mk and nk we get 


! A. 


the luenihraiie can houihI all the liannomr.H of iiuy note ^ hiefi it {>uu giv 
(r) In the (aise c'(niHi(U»red ahtjve, where the^«*lulion trduees tt» flu* 
t(‘rni 


. ?N 7 r.r . //TT// 

; Sin " sm , 
a h 


■'/ r 1 . I , it 


• #1’*^ ^ /i’*^ 


.« a 2 (t A(t 

It :r , or • *, or -- 
M m tn 


(fit -- I ef 


o for all values <h’ 


the line's a* = - ■ , a* ^ 
m 


\ ift I I • * 

.r . ' I'rmaiu a! re^f. during the 


vibration and are uotles. The same tiling in true <4 ilie Iuu’h 


h LVi MA 1 II I I A 

y — If * • * * y 

it n n n 


7 .T If the membrane is H«|niire it may havr murb inoit^ eoin|»!ieated 
tluin if the hmgth and breadth are imei|mil, m in this eas»’ i!ii» periotl 
term of the genend Hcdntion redueea tu 


e V w f H ^ 


and there will in general Im two teriim having thi^ huiiu* iirrioil, and a ii 
notc:M)f the {dteii eorreHjHmding to that period may t«* prodiired by init 
(uimstaneeH that bring in Inith teniiH. Thus 


. rn TTX . nirt/ 

; am 8 in 

a a 


.<1 ow “Vh'‘ I »'■ } /•’.„, «in I H* 

L ft *■ ti 


, . nirx , nmtj 

+ Bm— " Bin ' 




etifi I 11^ |. /A _ fill I V'lw** 4" «' 

If #1 


OiiAi*. IV.] NODKS OK A SQUAUK DUUMHKAD. 

is a form of vibration that will giv(^ a inusi(‘.al note. Let ns write this 
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cirf 


: e,()S 


r ^ vittx . ';/7ry , . mrx . mTrv/”! 

V///** + /r A sin — sin — ^ + li sin -- — sin —— 

L <t a a a J 


-j- sin ■“ ' 


. mirx . 
sin — sin 

a it 


nirif , . 7i7rx . win/A 

— ^ + D sin - — sin ~— 

«• <i J 


and in studying t.lu' forms of mnsit'.al vibration of whicdi the nunnbrane is 
capahlo W(^ mav tak(^ A, IK ( \ and Pat |)h^asur(^ Oonsider the simple ease 
where A — P and P™ 1>; tlnm (2) nnlnees to 



mTTX . 

“• Hin 

a 


;/7r// , , * aTT.r . 

* 4» // Hiu • sin 

a it 


mirfi 

it 


^^(‘os 
+ sin 


Values of x and // that will reduei' the first parmitlu'sis in (3) to /(‘ro will (‘or- 
respond to points of tin* im*nibraiie remaining" motionh*ss durin|>: the vibration. 
Lt‘t UH eonsider a, b*w eases at leiiKd'h. 

(it) If m ~ 1 and n — I , the first pareuthesiH in (3) beeomes 

{ ,I i- It) HUi ™ sin — “ 1 

ti (f 


whitdi is eijual to zero only wlien x i) or or xzz-tt or 

that is, fm’ tin* four edm‘H of the nienibram*. If. then, thi^ memliram^ is soimd- 

in}^ its futidanu'iilal note it has no no<les. 

{(i) If //I I and t! 2, w«* have 


^ . ir.r . 27r#/ 

.ism 'Sin ' ■ 

If ti 


. 21^.1* . XT if 

it Hin ■ — Hin 

a it 


-r:() 


to give* till* imdes. 


^ . wx . 2it// 

Let thmi sin " sm ■ 

in addition to the edp*H ihi* lint* //«> 

it . J 

If 0 iS II node. 

If 

o„ 


' . whieh is Hatinfital by y s 
is at rest and is a node. 


“ o t 


and 


wx . 2irtf , . mirx . iT'tj . 

siii - sin + sm — sm - « = t) 

fi a it it 


WX . wtf wtf ... . *txx wx . WJf 

2 niii ~ Hill — etis — ^ + 2 sui — eos ™ sin ^ 

If If t! it tt m 


, WX . Wfi / W'if , wx\ 
sill ■' '* sin I etis ' “ "4- ia>S *■“ I = tK 

If #f \ a it f 


0 



182 


KoM’TKtN (>y ntnlll.KMS IN I'JtV.SKs. 


[Aut. 7!). 


The first factor gives the four « n( 
C(iual to zciro gives 

TT)/ v.i- 

■ ■■ ■' rim 

tt *1 


Tfii 

w 

ti 


,r f 1 / 

which iB a diagomil cif the Bi|UHri’. 

If 

. Wf . !%¥ 

«|ll “ Hill " ' f 

it If 


Wf/ 

r«»f 4 ■ I'l 


till- Iii. iohraiii", The Heeoml Written 

V) 

Jf.r 

it 

ii , 

L*w.r w*i 

\ filll ^ II 

?l f| 

»-| 


,r ti II , 

whicii 18 the ether fliiigfuiiil t»f ?*»jtiiirp. 

Other riiktitms l.M»l,wecii A iiimI /* » ill gn*’ tnirv'«’8 »f tlui form 

irv ii iT.r 

mm - r*»n 

it I *1 


which are eiwily ecmiitrtirlril aii*! whwh .ill us jiaitfiiiig through 

the iiiiddhi fwiirit of Itii^ mjiiiiri'. 

We five the figuri’n fur a Unv i»l thr 
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NOOKS OK A SQUARE ORUMHEAD. 
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((•) If m ■= v z:=: 2 WcOlilVli 

(f a 

to th(‘. n(Kl(‘H, which an* in(‘n‘ly tho lines 

ff . a 

. anil 

This I'onii Ki\'‘'s I'Ik- imtavn of thn fundamental note. 
(il) Jl /« = 1 anil « = .'! we have 


to give tlu^ 

If J = () w<^ got 

If 7^ = 0 w<^KC‘t 

If jimm — /; W(* get 


. . TT.r . Jtt// 

A Kin — Kin — 
tf a 


. Airx , tti/ 

H Hin Hiu = 0 
a 


a 


and 


// «= .. and y 5= — ^ 
3 


. *TTX . dTT// , WlTX TT// 

Hin ™ sin — - — Hui Kin = 0 

(I a 


0 ) 

( 2 ) 


or 


. 7r*r 
Kin — Kin 
a 


If ,/I E,- /I wc grt 


2^/ 

r. 





rrx 

ff 

*1 CUH" — 

1 

— . 4 (*(,«« 


L 

ft 




a 



TT// 



:() 



cos'** 


■ c‘OH 





n 


a 



ir?/ 


wx\j 

f 

TTi/ . 


TTX 


» 1/ 

(*t \H 

■“ • 4- Ct)K 

ff 


r/ /\ 


tt 


a - 

.r 


<> and 

.r 4- ,/ 


ti * 


■a 

TT// 


, 7r.r 

1 




• ■ + 

i*os^ 


2 




ti 


a 



(«^) 


or 


i*UH ”■■ -f” CtiH — •— I , 

ri ({ ^ 


( 4 ) 


a Trigo!icHrii*t.rir curve ciosily CHJiiHiriKded* 

I'lif ittlier ri-Iatii»iiH lietween .1 and /(wo ^et more complicated Trigonometrii* 
cnrvcH coming under the general form 


I 27ry ^ LVx 

.1 COM — - -t- // eim 

a a 


.1 + /f 




8()Lirrit)N OF PUOIILKMH IN lOIVHIFM, 


which all agree in (K)nt4i.ining the puiniH 


/a (A /ft *Jti\ /2fi ft\ /*2a 2^A 









M T S C E E.L A N E 0 IT S P R 0 B L E M S . 


I. Lfxjanthmlr Pofenfla/. IWar ( *oonlmate-H. 


I. Hhow that T — 0 lautonu^s 

./>//'+ a./'+A />/ r=o 

tranHfonn to Polar ( ^uh’dinatt^H. 

/vr+hA.r+i />^“r=() 

lt>t /":= U^P VV(* fC**t 


If iu 


= .1 voH (uf} + // Hill a(^ \ 4> = + 7^' 

> or 


■‘OLtfi 


It = + /»j ■■ « 


(‘lic.o 


/’'= r® EOS ric^ 
niu 

r “ ooH a4 
r® ^ 

I sss Hin a 4 

r 


77 r=^ Ai (*oH {a log r) + sin (a log r) 

y coH (a log r) j /^s=.coHh a</> (‘oh (a log r) 

1 

r-= Hin (a log r) j y ^{^onh Hin (a log r) 

I 

/' 2:s r c*oB (a log /•) : y^Hinh (*oh (a log r) 
i 

Hill (a log r) i Hinh hiu (a log r) 


j 


5 particnilar of (I), 

i. Show that if F HutiHfh*H (1) Kx. 2 and /'==: /*( c^) whou r=za 

r — ,, /i„ 4“ ^ 


»« »i«* ♦ 

/#/ \ 


7"sr 4^ V7I1\ + it^^Hin Ni^) for 


roH and ^ ^7*(^) ni^ji^ 


.arci 


136 


MlSCEU.ANE(»rH ntOIiEKMS. 


4. ShoTvtliat if FsatisHo^s (1) Kx. 13 and /'-•=/(/•) when <^ = 0 and j>>o 


1 . <l> 
— Sin .. 


“ cosli (A - IdK /•) 

^ cosh (A ~ lo;; c) — cos ^ ' 


r>. If F=1 when </, — () am! (»</•<!, an<i ('=(> when <^ = () and 
e>l 

. . l<>g r 

'i- L -'i 

6. If F=/(v) wh(>n ^==^0 and /'—(I when /i 

F= - r/'(c*')dA ( ''"S «( A — lit}' r).t/a 

TrJ J siidi /itt 


1 . 7r6 

— HHi “T? 


/{r^yx 


1 tt tt 

— (^OHU it>|r — in >4 ^ 

if ()< <#.</?. ■ 

7. If F=() when </i = 0 and F— /'\r) when 

F=I r/,v,.At./» /*sinh>« , ^ 




1 . ttiA / 

-^-smyj 




/**(>’ ^ lr/A 


('(»Hh — (A h»|^^ r) + t*c»H ^ 


8 If F— xO') when ,/, = () and /•<«, T^sU when and 

F= 0 when r =. a 


J/=s_LMiti 


;J*X(iie^)r 

/i \ 


i,.„-') 
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9. 1 

10. 

ll. 


where 

12. 
and I 

wh(n*a 

VI 

and f 

whtn’e 

14. 

and I 


:f F'=0 when r=l, V=1 when </) = 0, V=0 when == 

-I-'E;;::*..]. 

It r=() wh(‘n /‘srrlj F= 1 when <jf> = (), F= 1 when = ~ 

Jj 


r = — tan 

IT 


-.r A-r._i. 

La.'' sill 3* J 


If F-— ./‘(^) wluni /•= a , r=() wh(‘n <3f) = 0, and F=0 when 


»H fjt. 

,r ^ . ni7r<i> . 


rrt 1 

m 'x> 


F = sin- 


mjr^ 


n 


i f r < a 


i f r > a 


«m ~ i plsl!*) H>» — '/«?!> and 0<<f><^. 

If F=y‘(^) wh(‘n rziza^ F=: 0 when r = />, F=() when <^ = 0, 
"ssO when = tluni if r/. <r</> and 

m ,# ww mu’ 

^ n 7 // r /r\»»5 //A'wr'l . mird}') 

f == j L(d " ~ th J -j- r 


amff 

mm\ a, ^ ^ 


If A’(^) wlnni 1^ = 0 wlu‘u r=a, F=0 when <;(>== 0, 

() whf‘n ^ /i, then if r/ < r < // and 0 < ^ 

fff ,|s, mw 

( f/ fi b ft r /Aj«s . /riTTd) 

^ " A 1 . lU “F f 


,' j[ am; 

, t ' b "'"if — (( fi 


a 


Kin ■■■^ (/<#.. 


WTT^ 

' H 


If Fas^^fr) wlnni V^O whf*n ^ = VsszO wdien r=«, 

0 when r b, then if f/ < ;* < b and 0 < < /i 

" ■ Hinli 

v V ^ // ~ r — Ice^ a) ) 

^ " Mm/ ”i ' W ■”'■■'■ ■—-’■•—-■■ Hin --X. « 

_ , f . , wttS loK b ■— log a ) 


«inh, 

log/# — log a 


bom 
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I«»K 


where 


= 


log ii — log 


/» . h 

ffj 


mirr 


th 


'15. If V=il/(r) when — /' wh(*n ^ U, /* .,() 
and F=() when /•=:/>, tli(*n if //<;*</? and o < 

Hmh , , , . , 

f ^ log A — l‘'k" 


=S{- 

IH« 1 


. . rnTTli 
Hinhr— “ , 

log ff — l(»g </ 


log/# — lug f/ \ 




whore 


log f) — log itj 


, . miTj* 

log 0 " '■ lug #? 


H, l\)tt^nfiai Fitnvtuin in Spave, 

1. Show that 

//) = ~ji j (Hi ^ (i\ pU* M) A -■* .r) Vim fiifi — 

» » ^ 'a, 

for all valueH of x atul //, 

2. Find partieulur HolutiortH (d‘ i* + T f T - 0 in the forum 

V V ^ eo.H ( fi.r ! /ip) 

(«.r | /j#/| 

niuh ,r d ' d: /I//) 

F= e-onh .t s/a^ -j- /ii nin (iLr I /ip) 

ih\ 

3. Given iy? F+ ?'*'+ //^^Tss (i, ami when .t = 0, nolve 

poBitive values of z. 


llesuM : 



zfik.fAhifi 

+ (A — d" IM 




4. Confirm the result of tln^ hmt i*Kaiuple liy showing that if j\j\ p) is iir 
pendent oi p 


1 /' M'h/A 

ttJ + |A — 


(V. Ex. 3 Art. 4 
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5. If ^ 9 , and F= 1 when ^ = 0 for all points 

within the ree.tanglo bounded by the lines x — a, x=:-—(i, y= hj and 
y = -—h] and F = () when ;i; == 0 for all points outside of this rectangle, 
tluui 

r \- + ^ sin- - y)^ + 

^\i>- uf u ^ ' (" ■“ ^y\i> - 1 /r + '-TC'^ - + (* - ?/)“ + «“] 


1 


-I .eL+ “yl!.' 


+ :‘ . - V' . y; - .^^[(r^ + xy+(^-y y + ^^I ] 

- ("■ + •'•} \/> — //,)■■* + {<' + •'■)“+ {f> — //)'■' + «“] > 


4 . _ '' + y^ < !: _L ' ("• - + y)' - '--''K" - + (![±if±£l 

sryj;:fi,f 1 ti ^ 2 (<t - + nr + (« - + (<> + y)'^ + 


r 1 j .. I i« + •'■)■■'{/' + //)'•* -ZzISJ' + + (^11/1! + 1 

■^2 (« + .r)\i> + 4- + xr +if> + vY > 


if — r/, <.r<u, and 

■ I>~!l < 

V(// — //)'^ (, 


+ 


^ + // j 
v/(^A “f” //)‘^ ( 


sin 


■ sm 


sin 


(." 

— 

.r)\/> 

-y)“- 

AS<l 

— 

.r)“+_£/r 

-y)»+_£] 

C" 

— . 

•oV' 

— //)'• + 

-[(a 


.r)“+(/r 


(" 

+ 

.r)\l, 

-//)'•*- 


+ 




+ 

x)\/t 



+ 

.»•)■■' + (l, 


e 


.'■)'\/i H- 



xY + (/i 


C" 

— 

-|- _//)“ -(- 

■nc" 

— 

.r)’*^ + {(} + //)‘‘^ 4" 


• Hin 


J (ff + //f — + J/f + . 

if x<i — a or ./•>//. 

(k If tlu' valin* of tln^ pobuiiial fmu’tion Tin given at every point of the base 
(>f an infinite n*etangular prism and if the sides of the prism are at potential 
zero the valm* of /"at any point within thc‘ prism is 


i ' 


i/m^ , n't , miTX 

' m sin ■ 


uirx . WTT// /' ^ . . m/rrX , fiir/M 

at, ^ ••' "r ~ J 

W, I n^~ \ t» l» 

If yt= I <ai tilt* base of the prism this reduet*H U) 

. (2/// + Dtt./’ , (2fi4“ l)7ry 


r 


lb 

ir^ 


.11^^ 

w ■ - a n ^ <J 


. ^e4m 1 1)» > 'o* 


{ 2 m + 1 ) + 1) 


7. If the value <d' the potential function on five*. fa<*eg of a rectangular 
parallelopiped, whose length, bremlth, and height are ei, 6, and is zero, and 
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if the value of Tis given for evtu-y point of the aixtli hwo, then for any 
point within tho parallelopiped 


in*»ee n* » 


sinh 7r(r y 

Hi nil Tfr* + p 

^ ft ^ rr 


a 


mn 


mTrr . htti/ 

}4j|| — 

a b 


where 


tt h 

t« t» 


mrrk , 
nm 

II 


lITT/i 

b " 


tifi. 


8. If the value ef the potential lunethni in givtui iiii two rip|Mwite famm of a 
rectangular parallelopiiwcl ainl iazerotui thi* hnir roiiuiining fiivm, then within 
the parallelopiped 


f-2 X''"*'" 

mm I »• I 


Hinli *}r(e t 

mihrrryjj t ~ 


it^ . mirx , nmi 
■ mil Hin 

II- t 


m «»» '» »t «» '» 

. th 

Hiiih vr-i V i “ 

+2 2"- 

’ it^ ft* 

mw J « •+” 1 

ninh we \|«L 4. fL 


wimr . nmi 

■> HHi 

tt h 


where 


j4 KC 


; I dA |/(A, ^) 


Hilt 


mwX . »wu . 

’ --Hill .^t/u 
H h 


and 




tik 


. /V. , . mvk . uw^i . 

I #/A I ^ HIU . 


9. If the value <if the piit4Uttiitl fiineliiUi in givni iii «• vorv poiiii <in thi^ mirfiu^a 
of a rectangular parallelojupeil, wdtai h itn valtio at any puiitt within the 
parallelopiped? 


ILL af hi ## i*l*tu*\ 

1. Find particular Holutiuna of /An ##A -L *d‘ the foriiin 

<«4* I jhj) 

%i =s n ■ '^*'**' * eoH i',: . 

2. Given the initial temiamtiire of avery {Kiiiit in ii f1tin |ihiiie plate, find 
the temperature of any point at any time. 
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u- 




— w — oo 


Oo 00 

' + 2^r.V^./3, ?/ + 2asft.y)dy. 


8. For aa instantaneous soiirm of strength Q at (X, fju) 

Q 


'47raH 


V. Art. 53. 


ITor an instantaneous doublet of stnuigth P at (0, fj) with its axis perpen- 
dicular to the axis of Y 

__Px 
^TTfdf^ ' 


' 4- (fit --//) » 

» 4«8f 


V. Art. 54. 


For a permanent doublet of strtmgth P at (0,ya) with its axis perpendicular 
to the axis of F 

^ “ • 

If the stnmgth of tlu^ doubh^t wc‘r(^ /V/4 and the heat were uniformly 
generated and absorbed along tlu^ ehmumt (//x of tlui axis of F beginning at 
(0, fx) we should have 

xdfx 

"TTr 


Afrnt^ + (/i 27 rfr 


X 


and Hine.(^ d t.an 


I f 




is t,he jingh' ARA^, wlien^ A and y|' are the points (0, fx) 
and + fbe junnt (a//), '/( = () when a’ = () unless 

/u < // <C ft + in wliieh <»aHe — if ,r approa(du*s zero from the 

positive' side*; and u^O v/lu‘n / s=“ 0 t»xet‘pt in th(‘ ehmumt dfx. If then 
v=r.{) when / - H) and //«=/(//) wht*n a*=:0 we bava^ only to supjiose a 
doid)h*t of st rt'Ugtli 2td/(x)dx placed in t*ac.h element of the axis of Faud 
then to intt'grati*; we gt't 


ttJ 


iiOl 




dfx . 


■'•'■' + (/“ ~!/f 

mm 

For a |i(‘rniimi‘iit. dmililct of HtmiKtli J'\f} at. (ft, /a) wo liavo 


I 

r'. .. 

87rr(\J 

tl 

1 f 

^ \ 

1 

27ra^ L 

X + (M — i/y 


"Hr) 

■ (/^ — 


4a\l — O 


]■ 
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From tlio roaaoning al)ov<‘ this must In* /ito whfji / o at the point 

(0, ya), imust bo at the |K»int {iK fiK ami u at «‘v<*rv ut ht'V |Mhat of the 

axis of .Fwlieu f is aot ziO’o. 

Hoiico if ?/ = 0 vvli(‘n and // F{*nf) whoa x () 


1 r 

ttJ — If)* 


4 in 




* xF, Fi /Jt, 

i ' Ifi ■ ffr 


.-T, nr. 


For an ('xttaisioii of this solutiiui l»v I ho motlHMl «»(' !uiaj 4 r,H t<» the fast* where 
thorc^ are otlu'r re(‘iiliuear Inaualaries ajid fur itn applioal iuo tu t\n> rurrospoud- 
iiig ])roblt‘ius in tin* fl(nv of heat in thrro ^lin^on^io^i‘^ m*** K, \\ . UtihHou in Vol 
XI K Proc. liond. Math. Sue. 

4 . ]f tlu'- j)(‘riinett'r of a thiti plane rortamnilar plate F kepi at tin* haii- 
p(‘.ratur(^ Zi‘ro a, ml the initial temperaturen of all poiiit^t of the plate an' given 
tluni for iuiy juaut of tin* plate 


m e-fl «) nm » 


%X X'-'-'i' 

m s.s I H M J 


, I/ITTX , fiWi/ 
Hill , Mill 

ft f . 


f«/A (V,.V. 


i 


. IIIWX . IITU . 
■nil Hin -t/ju.. 


if /i is the h*ngth and e the bnaidth id' the plalf*. 

5. A large mass of iron at the tempera! nn* o" eiaitaiioi an iron eore in the 
Bhape of a long prism •((! eim Ht|uare. Hie i*ort‘ i,h rrim»ved ainl fieated to the 
teiupcu-ature of KHP througliont and then leplaet-d. Find the temperature of a 
point in the axis of the eore liftern iniioiirM afferuard. t liven JSa in 
(k(}.S. UUitH. 

(). If the prism deserihed in Hx. o after hmm.: healed to |iio has its laterul 
fae(‘S kept for la minutes at the temperainre <» find th,. imnporat nre of a point 
ill its axis. 2tF H. 


I\« ( tiiit/tit'f Itiii ftj iiriff hi SftHrr, 


1 , Show tliat 

<*< » »# 


I I* t *** a I A • X I vim |:|| - ' tfi non y(y ■ 

*' <»' *' 

ii, ,5- 1 


i )jir 


for all valium (d‘ a*, //» ami 
2. Sliow tliat 


«»**•'!» 8 «» * I* «». .# 


m *. J » I I 

ft h I-* 

wliwo = A. J T/U. M 

11 tl I 

for 0 <X<„, ()<//</,, ()<;<,.. 


fiwi; , /iTT-r 
' .Hin 


. mirk , HIT II , pvr , 

r} Hill '■■■■ — I-4III - Min ■ iip 

n h V 
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3. Obtain jiarticuliu- solntions of D^u-\- D^u) of the 

fonuH 

,/ = + + j,i„ ± ± 

K. Z= -I- P»+v»K (,„H (a.r ± ± y ~) . 

4 (Jiveii the initial teniiKn'atun^ of evin-y jxnnt in an inlinite homogeneous 
solid find tlu^ t.(‘ini)(n'a.tun,‘ (d' a.ny point at any tinu?. 


- ' , (Va r, 


f ./ (*^1 v)<iv 


1 

TT^, 


, I'* ■ fe" >= ,/y f !/ + ‘2<l\/t.y, ,-J + 1 '«(/a 8)^/S. 


5. If t.h(‘ .surra,c.t‘ of a. nM'iangular |)a.rall(‘l<>piiK*(l is k(‘pt a,t the ttuu|)(a*atnre 
a.n(l tlu^ initial teni|u*nitan*s of all })ointH <>(’ tlu‘, ])arallel<)]>iped are given^ 
tlani for a.ny point of tlu* parall(‘lopip(‘(l 


sxs.- 

m ‘ I « I /* « I 




i/a - 


, . WTT.r , niru . pttz 
sm sin — ^ sin - 
b c d 


PU, M. v) -in =-* .1,, 2K .i„ if: rf.. 

0 (t (I 

(). An iron <*niH‘ '10 ein. on an is h(‘a,tial to tin* uniform temperature of 
100^ (Centigrade and then tightly emdostal in a large iron nmss whi(di is at the 
uniform teuiperaturt* (»f 0“. Kind the t(‘mp<‘rature of the e(*ntr(* of tin* euhe 
fd‘tt*im minuti'S afterwards. 'hS®.4. 

7. An iron euhe 4(t em. on an edge* is h(‘at(*d to tin* uniform tc‘nipi‘ratiir(* of 
100'^ and thi‘n its surfuee is kt‘pt for tifteen niinut(*H at the t(*mpt‘rature 0®. 
Kecpiired the ti‘mperature of its et‘ntre. TJ>. 



CHAPTER V.* 


ZONAL HAEMONICS- 


74. In Art 16 ve obtained 

s = ^ 1m{^) (1) 

[v. (6) Art. 16] as tlie general solution of Legendre^s Eq[uatioii 

m being wholly unrestricted in value and x lying between — 1 and 1 ; where 
= 1 - a;2 + — 2)(m+ l)(m + 3) 

m(m — 2){w, — 4)(m + l)(m + 3)(m + 5) ^ 

and 

1 ~ ~ + 2) («»■ + 4) 


51 


(m, — l)(m — 3)(w — 5)(w + 2)(m + 4)(m + 6) ^ 


and we found 


V = (cos 

0 ) 

Yz=r^q^ (cos 

P=;A-:7m(cose), 


( 5 ) 


m being unrestricted in value, as particular solutions of the special form 
assumed by Laplace’s Equation in spherical coordinates when V is independ- 
ent of that is, of the equation 


rD,\rV) + — De (sin 0I>eV)=O. 


( 6 ) 


* Before reading tins chapter the student is advised to re-read carefully articles 9, 10, 13(c), 
15, 16, and 18(c). 
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( 8 ) 


For the important case where m, is a positive integer we found 

(4, (a:) (7) 

[v. (10) Art. 1(5] as the general solution of Legendre’s Equation (2), whence 

F (cos 51) ' 

n.0'<>sd) 

F== B) 

are particnilar aolutionn of ((>) if m> in a positive intc^p^er. 

-•!) • • • ’ r,-,.. •»'('» - 1 ) , 

[_•' 2(2w-1) 

+ ~ -K/" -1) 1 mN 

^ 2.4.(2w- I)(2 wa— ;5) J ^ ^ 

[v. (8) Art. ir>] and is a iinitt*. sum tonuinating with tlui t(‘.nu which involves 
T if w is odd and with tlu^ t(‘nu involving .r^ if m is (wcni. 

It is ('.ailed a Hnrfans Zonal Harmonic^ or a LvfjemInCs (heffi-cient, or more 
briefly a Lrf/rndnari, 


(M 


7n l 


(2ni + 1 )(*?/// 1 ) 


- TJ 

• • • 1 L.r"' ' ‘ 


+ 


(}n "f- 1 ) ( n. “1“ 5^ I ^ 

2.{2w/4-;5) ' 


+ 


{III -f- I ){iii + -)(w + .'i)( w 4 ) 1 

2.4.(2w +;5)(2w +7)) y"*-' 


i+ ■ 


■] (t«) 


if .r<«— ! or .r > I, [v, {{)) Art. H>.] 

It is callc(l a Snrfarn Zonal Hit mania* of tlu^ snrtnal kind. 




r(w + i) 

, 2 . 4 .(i. -..(M -l) ,, 

.(_1) 

[v. ( 13 ) Art. 1 ( 5 ] if m is odd tuid — 1 < y < 1 . 


Fm(x) 


( 11 ) 


Om 


Q,(*)-(-i)» 






r(w. + i) 

. . ^ 2.4.0. • • • m . . 

[y. (14) Art 16] if in is even and — 1 <x<L 


( 12 ) 
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f Art. 75. 


Ill most of tlie work that immcdiat.cl.V follow.s wi* sli.-ill ri'^anl .r in as 

I'qiial to cos ^ and thcrcl’ori* us lyiuK hctwccn 1 uiitl 1.* 

75. Ill Article !) the iiii(lctcriiiim'il ciH-tlicii'iit ti,„ nf .c’" in /',„(.r) was 

(L’/a l)(-w ■ .'ll 1 ,, 

arbitrarily written in the loriii ' , lor rcasmus which shall 

now be given. 

In Articles <) and Hi was (ditaiiied as a imrl ieiilur .snlution of 

Legendre’s lC(i[uation 

(1 -■'•'a' i " (') 

by the device of aKSUiiiing that could be exi>ressed as a ^alm or a aeries of 
terms of the form and then iletermiuim!: the euetlieieiits. We eun, how- 
ever, obtain a particular solution of Legendre’s Kun.ilmn le an entirely dilTer- 
cut ine.tluHl 

The potential funetiou duo to a. unit td' nia*^^ oonront ratod at a i^lvvn point 

Ih, -i) 

■ -V * , t. (2) 

t// r» 

and thin nmst lu! a partieular sidutnui of l^aplaor’r^ !%t|U;itiHU 

/>;r+ />;!' i iU (d) 

as is (‘asily vtu’iiiod by dinH*t stiltstitulitMi. 

If wci transform (2) to sphorioal onoriliuaffH tiHing tlio tormulaH of 
transformation 

,r . r fMLH # 


if I . r Niu B viis tft 
^ r hill ^ hin 


w<* 


yr^ -«■ 2rri[ecm (h*m 4-’ win # iHih rusi t|> ■■■ i/>j i ) ■ f ' n 

as a Holntion of fjaplaee'H Eijuatiou in SploTioal ruonlinatrH 

/•/t;(rr)+ />«!'• L '> !xin)Art. 1. 

Sin 0^ mti a 

If the given point //|, in taken on the nxh of X a?* it inuMt he that 
(4) may he imlependimt of 0, anil 

r=. , , ’ (r>) 

y/i 0 ft 

* KiigliBh writers on Hpheriml HnniiontrM i?imentlly aw* #1 in pliin* <4 i fur vtm 0 , We 
shall fallow them, however, only when we shontl ilieteUy nvulil 
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is a solution o£ 

r7;,?(r F) + ^ i),(.siu 01), F) = 0 . 


E(Uiatioii (5) may l)o writtt^u 

F= 


or 


r= 


^ 1 

' ^J 1 — 2^ (■■()« 61 + 

J_ 1 

n I r - 

VI — L'~c,oa^ + A: 

'' n I" 


( 6 J 

(7) 


(«) 


is and (continuous for all values real or (complex of 

r:. it is (louhU‘-valiUMl hut tlu‘ two hra-nelu‘s of thtc fumction are distimct (cx(ce})t 
for tluc valiu‘s of which makic I — 2,toM)s + = mumdy .t'==c.os ^ + /sin (9 

a.u(l rj = (‘()S B — /'sin 6^, both of whicch have tluc modulus unity and vvhic-h are 
rntical valu(‘H. 


“7 is linite and continuous (‘X(C(U)t for the values of 

Vl — • c.oH ^9 + 

z = (‘OS 6 -™ / sin 0 and z ™ cos + / sin B for whicli it becconucs iidinitcc; it is 
doubh'-vaiiUMl but has as critical valutas only tht‘S(c valiums of z. It is tluui 
Jiolamarjthic witlun a cirtdt» (h‘scrilH‘d with tlu‘ orij^nn as c,(‘ntr(c and tluc radius 
unity, and <*.au be d(‘VtdopiMl into a povviu' s(*ri(‘s whic.h will be conv('rf;(‘nt for 
all valutas of z having moduli h‘ss than one. (hit. (kil. Arts, 207, 212, 214, 
220 .) 

1 

If them ^ • (uin bt* dev{‘lopi*(l into a (convergent Hcu'ics 

\/i 


involving whoh‘ ptnvm-H of -jb 

hi‘t '^l^m of (»ourHiv, ludiig a function of cos B. Tlnm 


[v. (7)] is a H(dutic»n of (0). Substitute* this value of Fin ((>) and wuc get 

X[,l . + J v',« + ^ ^S")] = “ • 


As this must Indd whatevm* the vabuMif r providtnl r > the coefficient of 
(Mitch power of r must Ihc zero, and hmiet* tin* ecpiation 


sin BiiB 


(sin 0 + III {III + 1 )ii„ = 0 


0 >) 


must h(* true. 



148 


WiNAI, II VlIMxNK'S, 


[Al 

'''•-t 0 in (il) rt^i 


But as we huvo huou in Art. U iIk- ..i 

it to 




ilr ■ ■ */- 


and thc^refora ^ i'«* 

is a solution of I#K<‘ntlrf ^*?4 Ki|iniii*ui 1 1 «. 

If r^t^i ^ ilrvrl«*|irt| into a l*l♦||vt*r|^l*f^fc 


vmdj 


involving wholt* junvorn of 


Let iMaluH wri.-H, Tli.-ii 


L i:/v. ', ■ 


(v. 8) is a stilutiim of ((<1; (iulrtliluiiiiK’ ti» if.i »■• «•'! 


2 [„." 


Ill {III } 1 i 


*' { .ill a»0, 

.Iflf ' 


wlumce it follows us Is'fiiri' llm! 


is a solution of LoKotiiiro's Kuniiimii. ^ 

But is the ot ilio luth j«<wrr t.f — in iln* ili'Vi'li'|U)i 

/ri^\' '• , 

I j »— 2 ooB # + ,1 ^ ’tiling to |w«Airi''^i nl , i»r «»| tJir iiitU iwiwiir ii 

V f, /f/ . >. 

tho (l«valo|imont id (I - « f in |«n%rr-H nt 

morn briidly it is tli**viiidlli’ii-*iit «»1 tli*" infli i**m*'t »4 -i m tiir 
(I 2*0? 4" •5*''^) iini’ordiiig In |«»^vrrM of i. # ‘d,4n*liin.: lot I'**?! tl 

(! f" I ' [I ;M I 


and oan bn clovidofiotl by tlm ll|||r»nj|;i| I’lin^U’Sii; tbo fi»rltlr'|r-|li l»f .t** is 

pickoil out tirnl is 

rini - 1 )( 2 ;i/ - :i) • ' • I r m i ■" it. 


uLi! r,. 




, no ?f! I ”'1 ?« 2 "I I M'i 41 . 

r , . . ^ 

2 I •! » *« '"** I 


But thin is pmdsoly }^^ Art, 71 

Honoo is «'f|itiil tii tlii^ I'ln-ftiriini! *«t' tlir iiitli |«iwi‘r i*l 

tho dovolopmont of t^j I ihIm \nmvt fir'iii-% Ib*^ iui»ii«lii 

being leas tlian unity. 
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7(>. If .r — 1 — 1 . For if .r=l. (1 — 4" reduces to 

(1 — 2;j + ^ that is to (1 — which d(‘.veIo|)s into 

and the coeflicdtnit of c‘a(‘.h ]K)W(n‘ of is unity. Therefore 

= ( 1 ) 

W(‘. ]iav(» seem that if w is (‘V(‘n contains only even powers of x and 

tt‘^nHnat(^s witii tin* ti'rnii involving that is with tin*, constant term. 

The valiH* of this constant term ca-n lx* picked out from the formula for 

I ^ # • • / -- — J \ 

^ Vj (fVT.';;;, be found as 

follows: It is eh‘a,rly tin* valm^ assnnu‘s wlnm .r = (); it is, then, the 

c,()(‘tiici(mt of in tln^ (h'vdopnnmt of (1 ; but 


( I + ™ I - ' ,v> + ' -2 ... . 

^ ^ 2 ^2.1 2.4.G ^ 2.4.(>.cS 


<uid tin* co(dli(dtmt of .v"', m bdug an c‘V(‘n numbeu*, is ( — 1)5^ -j I . 

2 . 4 . () * • • w. 

If nf is odd /^„(.r) contains only (»dd p<)W(*rH of .r and t(‘rminat(*s with the 
t(‘rm inv(dving x to tin* first powta*. Tin* co(dli(*ient of this t(‘rm (tan be 

iw . ”* d 2.0,7. **'/// 

piek(‘d out from (h) Art. 74 and is (—I) \f^ can be 

found as follows: It is chaudy tln» valm* assumed by — wlnm ;r = (). 

‘ ’ dx 


It is, tlnm, tin* coidheient (d' ;i''" in tin* devi‘lopnn*ut of 




(Y 


+ -. 7 . 

2 “ ^ li. l ■■ 2..|.(i ■■ 


atnl tin* {’(Hdlicirnt of \n this development is (-^1) 

^ 2.4.() * • • (///, — 1) 

'm, being an odrl number. 


77 . I’o rr’capit ulaf e: 


• • • ( 2 w — 1 ) 


mini — 1 ) 

2(2w — I) 


mi m ' 1 !{ c/ 2 R w 21 
2 . 4 .r 2 /c — 1 U 2 w” 2 /'"*'^ 

wi m t )i m ^ *S)iin — • tV)im i)im — «■ a) 

2.4 . G. « 2 w Ip 2/;/ .’Ur 2 m .a | 


( 1 ) 
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But as we have seen in Art. 9 the substitution of ce = cos 6 in (9) reduces 
it to 


(1 — — 2x ^ + m(m + 1) — 0, 


and therefore 


^ 19m 


is a solution of Legendre’s Equation (1). 

If r < r, ■ — — can be developed into a convergent series 

/ 2r 

^l__cos6 + -, 

T 

involving whole powers of — • 

"Pm series. Then 

rr ^ 


(v. 8) is a solution of (6); substituting in (6) we get 

r”' 1 


whence it follows as before that 


sin 6 dO 


(sm«f.)]=0, 


^ = Pm 


is a solution of Legendre’s Equation. 

But is the coefficient of the mth power of — in the development of 

( T — - T 7\ 

1 — 2 - cos ^ + “ 2 j 2 according to powers of ~ , or of the mth power of ~ in 

the development of — 2 ~ cos ^ + “ 2 ) ^ according to powers of — , or 

more briefly it is the coefficient of the mth power of in the development of 
(1 — 2xs; + s2)-i according to powers of x standing for cos 0. 

(1 — 2xz + i = [1 ^(2x — z)']- i 

and can be developed by the Binomial Theorem; the coefficient of is easil}^ 
picked out and is 

(2m-l)(2m-3)---l r _ 

m\ L 2(2m-l)* 

m (m-l)(m-2)(m-3) _ 

^ 2.4.(2j«-l)(2m-3) 

But this is precisely P^(x). [v. Art. 74 (9)] 

Hence P^(x) is equal to the coefficient of the mth power of z in 
the development of [1 2xz 4- i into a power series, the modulus of z 
being less than unity. 
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76. If x = l P^(a:) = l, For if £c = l (1 — 2xz -j- reduces to 
(1 — 2^ -f- that is to (1 — which develops into 

1 -j- z -j- -j- -f- y 

and the coefficient of each power of z is unity. Therefore 


= ( 1 ) 

We have seen that if m is even P^(a;) contains only even powers of x and 
terminates with the term involving x^j that is with the constant term. 

The value of this constant term can he picked out from the formula for 

P„(a;) [V. Art. 74 (9)]. It is (- l)i ; or it can be found as 

follows: — It is clearly the value P;^(.'r) assumes when a: = 0; it is, then, the 
coefficient of z^ in the development of (1 + z^)-i ; hut 


1 1 ^ 


1.3.5 „ , 1.3.6.7 , 

2.4.6 ^2.4.6.8 


~ 1 3 5 * • * /'w 1 'i 

and the coefficient of z^y m being an even number, is (-— 1) 2 - * ■ 1 . 

^ 2.4.6 • • • m 

If m is odd contains only odd powers of x and terminates with the 

term involving x to the first power. The coefficient of this term can be 

m~l ^ ^ 7 • ' - m 

picked out from (9) Art. 74 and is (—1) 2 2 4 6 • — 1)’ 


found as follows: — It is clearly the value assumed by when a: = 0. 

dx 


dP„,(x) 

dx 

It is, then, the coefficient of z'^ in the development of 

3.5.7 






=- 0 ^“+ 


3.5 

2 . 4 ' 


2.4.6 


«’+■ 


and the coefficient of 2 ” in this development is ( — 1) 
m being an odd number. 


3.5.7- 


2.4.6 (m—1)’ 


77. To recapitulate: 


Pm(P) '■ 


1.3.5 ■■■(2m, — V) 


m! 


[ 


m(«t-l) 

* 2(2m-l)* 

2.4. (2 m — 1) (2m — 3) 

m(m — l)(m — 2) (m — 3) (m — 4) (m. — 5) 

2.4.6. (27^ 1) (2m — 3) (2m — 5) 


’+•••]> ( 1 ) 
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m being a positive integer, is a Huyface Zonal UarmonU' or Legendrlnn. of the 
mth order. It is a finite sum tin'miuating with tlu‘ first powin* of x if ni is 
odd, and with the zeroth powio* of x if m is (‘V(‘n. 

F,y^(x) is the coefficient of tlu* mth [)ow(‘r of .-r in tiui dev(d{)piueut of 
(1 — 2xz into a power seri(‘s. fitmee if < 1 

(1 -- + zyh = + I\{x),z + r^x).:^ + 

+ l\{x),z^ + I\{x).r:^ ^ ^ ^ 4 *• (2) 


Whence 


— 2rr^ cos 6 + 


= i [^i'„((!OS &) + ~ /'i(<!<)S 0 ) + /'.J(C<IS 61) -I 

“1 

= — + ™ /*i(c(m 6^1 -)- /’.j(c(>s 6^) -f" • ■ • 

)M —I 

+ ;.p H J >*■ 


f ! 


is a solution of Legendre^s E(piation 


(1 — J’'-*) ™ — 2.r + /«(/« 4 . 1 )s an 0 


when m is a positive integer. 


r== /•"*/^„^(eos I 




are solutions of tlie form ol Laplaro’s K<iuatioii in Siihoric-al (IcKinlinatcH 
which is indepemlcnt of <^, namoly 


r7>,“(r D + ^ /^,(.sin ^ />0') = 0. 

(•i) 

/*„,(1) = 1. 

(«) 


(0 

•^Sm + 1 ( •>") “ ^’sm + 1 (•r) . 

(7) 

A,„+l ('»=(>. 

(«) 

(0) — (- 1 )"■ zi} . 

^ ^ ^ 2.4,0. •••2w 

(») 
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-tjif} ”1 = /•_ 1 v« ’15.7. • • • (2m. + 1) 

L <(■>■ X-o ^ ' 2 . 4 . 6 . ■ 


( 10 ) 


For convonicHic.i' of rd'crcHU'.o wo write out a few Zonal Harmonics, 
are obtained by snb.stituting successive integers for m in formula (1). 

-/'„(•'•) = 1 ^ 

(Ad- 

■/V) = ,s + '^) 

^ — (2;u.r'' — ;!i (■).(•" + lo.v — «) 

:= (.iL'o.r'' — + diru-* — .H.fix) 

/'„(.<■) ^ ((iinn.r"— l2()12.r'' + (;i);!(),r-‘ — 1260,r» + .‘!r)). 


They 


( 11 ) 


Any S\irr;uH' Zonal Uarnionir nuiy Ih* obtained from the two of next lower 
ordei’H by lla* aid ol* tin* formula 

(// 4 1) » j {a') + 1 K) + (•^') = d (12) 

wbi(di in easily c»btained ainl in eonvamitmt when the numerical value of a* is 
giviui. 

DifbuHMiiiati* (2) with n‘HjHH*t to and we get 

wlnuna* 

^ Z ZZf.’ • b j =•( 1 --•*■* + +-'•)■ 

Heina* liy |2'l 

(1 — 2.r.r 4- ,?■•»)(/*,(./■) + 2/’.;(.r).3 + a/'a('r).S*'4- ■ • •) 

+ (.r - x)( /'„(» + I\(.r).r. + r,(u-).z^ + •••)= 0 (13) 
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( 13 ) is identically trucN lienee tin* eiMdfiineii! «»f e;ie|i |iiiwt*r (if *• muKi; , 
Picking out the coeflicuent of .r'* and w riling it (*(|ual to ^.fro wt* havai f( 

(12) above * 

78. We are now aide to wdve «*oiii|dt*tidy flie |»ri»ldi‘iii eitioiififred in 
We were to tiiul a mdiitiou id' the ilifl'creiif ml ♦••luat nui 

f ^ r i . It 

.HUi 

subject to the condition 

. M 

I t wlii*ii il - IK 

We know (v. Art. 77) Ihiit 

' 0\ 

and r~:™, 

are solutions of (1). 

For values of r < o 

M .}/r 1 r» t,;t r* I .•! r. , n 

(r“-f r»’i ** 7 [ * -“ r, 4* j •. „ j 4 J . 

Therefore for valiifs of /• <" f 


if r 1 

o(<U>H 6) — ■ , /•, (I'OH (i) 


, l , i nrir* 

4 ' n , * + 


is our recjiured Sijhtiitiii! iMn’otiHo n^iirh iiojo ?jiif intio«4 i~t|uonuii (!}, luul 
fore the whole value Hiitisfies ( 1 1 , iutti tt lion « ii 


/%(('(»« Z'^, 1 , 1 

[v. ( 5 ) Art. 77 ], and hcnw (Ij rfiUtiM-s to (.K iu„| (-ji K.alHtiwl 
For values of r > r 



* For tables of Surfmi Zonal Hatiii. 


V l.it.iia t iioii II, 


ClIAl*. V.] 


1>IU)BLEMS IN rOTJBNTIAL. 


153 


Therefore^ for valiums of r>-^; 
M Fr 1 <•« 


+ 


1.;?^ 

2.4 r“ 




(6) 


is o\u* r<M|iiir(‘(l Bolixtioii. For it satisfies (1) atul rediutes to (2) when ^ = 0. 


79. Ah another examples ](‘t ns suppose a coiHlii<*-tor in the form of a thin 
eireular disc- eharg(Hl witli <d(‘<‘trie.ity, ami l(‘,t it he nupiired to hml the value 
of th(^ ])ot('ntial funetion at any point in spa,{*(‘. 

If the magnitude of the eha.rge is 1/ and the radius of the plate is the 
Hurfatje density at a point of tlu‘. plat<' at a distance r from the centre is 


M _ 

AttTvSjtr — 

ttM 

and all |)ointB of the eonducd,or ar«‘ at the })ot(mtial • (v. Peirce^s I^Tew- 
touian I\)tential Function, § 01.) 

1110 valuer of tlu^ potcnitiul function at a point in the axis of the plate at the 
(listaiuje x from the plate is (»asily stam to he 




rdr 


* COH^“*-v~-y . 

•Jit 4" 


i (E 

7 ix vJa 




yilj* fl-’V 


ti'-i 4« 


if xKtii 




M 


if X>rK 

Integrating and then deteriuining the arbitrary emxstant we have 


M 

2it ' 


t»o»^“ 


-f- 


if a* < « , 



if ^>n. 
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We have, then, to aolvo the (Miuatiim 


■/•/>“(/•[')+ . />»(sin d /># D eai 0 

Sill V 

subject to the conilitions 

il/fTT r , 


n ! 

L2 


{( 

Mr/’* r>r/** 

win 

‘n 

0 


mul /• it 

M 

*"ff 



1 4 ...1 

it 

..r 


:ir^ ' 

' r.,-* 7r’ J 

win 

Ml 

e 

— 0 

ainl r><i. 


The vo(|uirc(I solution in easily soon t<* !»»^ 

M r~7r 1 I ** 

^ ~ » Lh'’ "" rt ”■ 1 .7“ 4- ■ • ■ 

if ■;•<» and 

w 

and /’a((a»H "{• j. * / «(«Hm ») | •■■ 


if r!>fr.. 


KXAMin.KS. 

1. (iiv(ui that if a (’.liargo Jf oi olt*c‘trii»it.y is iilanst mi mi i41i|t.Hoi«tHl ouw* 

duc.tor the aurfaei^ ihomity at. aii.v iMiint. /' of the la.iKliicti.r ia miiml to --t , 

v\li(U(yy/ is tluMlistuiKH^ frcuii tin* eoiitri* til ilifM*mii|iirtfU’ l»i flu' |t}mn*at 
.1 ^v. I (ur(^(‘, New. iNit. Imiih*, § hi); funl tlio viiliir* iif flto |intriitiiil fiiiietion at 
any extcuaial point wlnui tln^ coinlurior is tlin t»b!aio i4|tlien4il !»v tin* 

rotation of the ellipse + I uhont itx minor axis, 

J/i-f. (1) If the point is on the axm of revolnt.iou 

M r . . / iij- -4- \ /I., ..3 i.i \ “1 


ii 


X being the distanee from the eentre. 

(2) If the point is on the surfime of the spheroid 


. [j - .i„-, (“t.i)] „ f-- j. 
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(3) If the distance r of the point from the centre is less than yoF—h^ and 


^<1 


]\/[ I TT V 


■ -P 3 (cos A (cos e) +■■■']. 


(4) If tlie distance r of the point from the centre is greater than \a^ — 


F= 


M j~ («^ — 5^)1 (a^—b^) 




^^P,(cos^) 

-^4 (cos 0) - JP, (cos ^) + • • 


•] 


2. If the conductor is the prolate spheroid generated by the rotation of the 
ellipse ”2 + ^ ^ about its major axis^ show that if the point is an external 

point and is on the axis at a distance x from the centre; 

M , x + sla^ — 

V= pz=z=. log ==. 

2sfct‘^ — IP' X — 

If the point is not on the axis and r > sja^ — 

L T ^ ' 

^P,(cos + P,(cos (9) + •••]. 




80. As a third example we will find the value of the potential function due 
to a thin homogeneous circular disC; of density /); thickness and radius a. 
The value of F at a point in the axis of the disc at a distance x from its 
centre is readily found and proves to be 


Fo = 2irph(Sl^^ - a;) = 

If cc > a 


2.4 a:^ 2.4.6 2.4.6.8 sc® ‘ 


, ^MVla 1.1 a» . 1.1.3 1.1..3.5 a’ 1 

a L2x 2.4 a:» 2.4.6 sc' 2.4.6.8 P J 
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If »<« 


, / aA’ r, , l.r" l.l.'-* , l.I.;*.;''' , -] 

sf^F+ 7 ^ = "■ (i + = " L I + ■ ■ ■ J 

, 2 M r, , 1 1 • 1 i ' • > ■•■' •'•” ’ ■■'*••" 1 “ 4 . . . .1 

and Fo — 1^1 + ‘j 4 >..i ’ -’.I.Cm/'' L’.l.C.H i;" ’ J' 

Hence the >solution for any ((xtin-nal [loiiit. in 

2Mr\ a 1.1 o’ ,, , 




if r>af and 


a L. ff- ^ 


+ 1 0) — 'i *) + ■V'l'il "> 


■] 


if r<Ca and 0 <I 7 


KXAMTLKS. 


1. The potential fuue.tiou din^ to a lioiuojjfiauMmH lunuinplun’i^ wlamt* axis in 
taken as the polar axis, in 

if r > and is 

’'■”7 G + 3 f *■' + »• '■■ “ *’ 






TT 


if r<,a and 6> 

2. The potential function due t(» a Holiil 8plu*r(» wlione douHity h proixn- 
tional to the distance from a dianu‘tral plain* is, at an external inunt. 


8 Mrn/Aa, , n/AA 

r= q-r — rn “• + irrn -i ^ ^ 
15 a LA A r 2.4.() A 


5.2.1.1 a* 


n.AAA.A 




•(i,s (h 
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3. The potential fnnotion dno to the homogeneous oblate spheroid generated 

If”* V/^ 

by tlie rotation of --.j + = 1 about its minor axis is, at an external point, 


3 M r.r^+u^ — //-“/ . _i — M 
= ^ _ //.) L L>(u“ - 


+ 

, . - (a^ — — hx) 




if tlio point in on tho axis of tlio 8])lioroi(l at a distaiauj x from its centre. 


if V > {(t^ — ^ nnd 




■,r Ftt r m r. / 

^ L 4 — i;^)h ^ + .1 (u“ — //b ^ 


(" 


OS 


hip^i + in - •••] 


1 .;j — h% ^ * :ir> — 1/% 

if r < and l9 < ^ • 


4. Tin'. ])ot(mtiaI fiundaon dno to tlu^ lioiuof^t'neous ])r()la,te spheroid 


generated by the rotation of -^ + ‘^=1 about its major axis is, at an 


external point, 

+ flf ^~J!, (‘’‘'S H J 

if /•>(«»- 


81. The metlunl employed in the last thrcn^ artieh^s may be stated in 
general an folhnvs: — - Wlumever in a problem involving the solving of the 
spec'.ial form of Laplam^B E(|nation 

rlK' (rr)+ -J-2 A (Hin 6 />« H = 0 , 

the value of f is given or ean \m fotind for all ])ointH on the axis of X and 
this valine (^an Iw cixprt^ssed as a mini or a serit^s involving only whole powers 
positive or negative of the radius vector of the point, the solution for a iioint 
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not on the axis can he obtained by nniltiplying t^aeh hnau by th(^ appropriate 
Zonal Harmouie, subject only to tlu^ (*.ouditiou that n-sull, if a seri(‘H munt 
be convergent. 

It will be shown in the lu^xt article that /*,„(coh 6 ^) is n(‘V(‘r gr(»ater than 
lone nor less than minus one. II(*n(U‘ tiH‘ in (piestbai will be ('onvto’gent 

Ifor all values of t for which tlu^ original S(‘ri(‘H was ahsulutvlij nun^enjcnt. 

82 . In addition to the form giv(‘n in (I) Art. 77 For /*„, (h) otlau' forms 
are often useful. 

It ought to be possible to develop /*„,(cos 6 >)^ which may be n^gardtal as a 
function of 6 , into a Fourier’s Seritss, and such a <ievelopinrnt may In* obtained, 
though with much labor, l)y the imdluals cd' (’inipter IL 

The development in terms of cosimss of multiph‘s of B ma.y iu^ obtained 
much more easily by tlu^ following devici*. 

We have seen in Art, 75 that /*„,(cos $) is tin* cotdltcient of tin* mth ])ower 
of .'jj in the developnamt of (1 •— Ltr voh $ + Fb I in a. povvau* stu-ies, and that 
if mod 2 ; 1 (I — 2 .Z’ (iOH 6^ ^’^)”*'4 <*an bt^ dt*vtdopod into such a series. We 

know by the Theory of Funcflous that only (uu* stich stnatss exists, so that the 
jnethod by which we may choose to obtain tin* d(*velopnmut will not aflbet the 
result. 

(1 — 2 z cos $ + zy i =r, ( I + r I ■*■}» J 

rr-t ( I 1(1 -- .rr K 

(1 may be develope<l into an ulmoluUdy eonvergeut series if 

mod ^ < 1 , by the Binomial Tln^orem, We huv(* 


== 1 -f“ ^ -jh 4 


Idhf 


a ' 2.4 ~ ^ 2 . 4 .<; s ■+■ ' 








4.(1 


•l.Ct.H 


The product of tlwso sorios will givf> a dcvchipmcnt for ( 1 — <.„« 0 i 

in power series. The eoeffleient of s'" is easily picked out, and must Imi (‘(lual 
•^'to(co8 6 ). We thus get 


P^(coa6): 




2.4.6 • 




1 2m 

2' i>«r- f e-o-*-"*) 


, 1.8 ' 2ni{2m- — 2) n 

+ 2.4- (2„, -I, (2, ” —•*)+■•■] 
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„ I.;!,! 




+ 2 


1 .3 m {in — 1 ) 




+ : 


1.3.5 


/(/M — 1 ) 0 ^'' — 


.1 .2.3 (2///. — l)(2yy/> — 3) (2m — 5) 


■()) 6 H — ( 1 ) 


If w- is odd thcs d(‘vcd<)piut‘nt runs down to c.os 0] if m. is oven to cos (0), but 
in that (*.a.s(‘. tlu‘, e.oe.lUe.UMit of (‘.os (0), tluit is, tlu‘. (‘onstant will not Cionta-iu 

tlu^ fax*, tor 2 wlii(*.li is (common to a.ll the otluu* t(u*ms, but will be simply 

ri.3.^*‘‘(m3 jjn^ 

L 2.-I. ().•••/// J 

W(‘- writ(^ out th(^ yaliu^s of P„^(cios &) for a few values of m 


./\>((‘.OS &) = I 
J\ (e.os B) = c.os B 

A (eos 6>) == (3> cos 2B + 1) 

i*j, (cos B) = ^ (5 (‘(»H 36> + 3 (H)s B) 

I\ (e.os 6>; = j (35 e.os 46> + <*<>« + ^0 

J\ (e.os B) s= *j [<>3 eoH 56> + <^] 

J^ 5 (e.os B) — rp [231 cos (>6> + t2(> cos 4B + 105 cos 2B + 50] 

J\ (eoH B) — [420 eoH 7B + 231 cos 56> + 1 30 (‘.os 36> + 1 75 (*os 


Ph f(‘.oH + 3432 (‘OS (>^ + 2772 cob 4B 

+ 2520 mm 261 + 1225] . 

Sinc(( all t.ho (.(toflU-ioiitH in the second memlit^r of (1) are positive, and siiuui 
each eosine luis unity for its Tnaximum value it is clear that P,„(co8^) has 
its maximum value when & — 0; hut wo have shown in Art. 76 that P.„(l) = 1. 
Therefore P^feosS) is never greater than unity if ^ is real. It is also ea-sily 
seen from (1) that i'„(e,o8 (?) can never bo less than — 1. 



160 


Z(iNAI< llAli.MnNlc'.H. 


83. win bii vi>iy Hiniply .•si.r.'s.M.ul as a li.-rivativ,.. VV<< hav 

III j III - ■ I I 

fOfi 'i 

^ ir 

I M ■ « i, w ■ j 




«,'i.r*!w I )| L%« ■ ^ ^ ;|'j 




. (~w — n p« --6)---i 

(w + i;i 


t I I «i 


3- XX 

pP„ (jc)dx^=.^f (»</x 


j f W I • I }#/<| III ' III l« - **| 

LM. -,; 5 r 


l» M 

^ ( 2 w — 1 )( 2 w ‘ 1 


-f If If HI - |^ I ) 


. I • HI II 


l^ w 4 ' 'Jm m I 1 , 11 , I J 

1 *. I . I L* HI ■• ■ 1 1 III ; I j 




fwi'Jw I I 


I I 

m<i*2m I \i*2m ■ 


- -if' I 

(2 hi)! 


I.« 2w I *2m ■■ ■ - :ii 

. m i III - -•■ 1 I 


is# r,'» 4 ^ 


,r III ,|- 


HM I N HI 2 I 


4! 




Tfie quantity in l.nuiki-tH ..livi.msl v .lifTi-rs from (x» -- t )• by ts^rnm 

lower powers of * tlian thn wth. 


Ul¥| 


I fence 


^ ’ I 2##! ' I I 

i,-». 


or 




I 


* HI ! #/,r* 


This important formnla ii4 r*iit.iri*ly Mriirntl itml |j#i|ii« lint mrrrlv 

^ssscos $f hut for a!l va!iio !4 uf ,r. 
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84. The last rtisult is so important that it is worth while to confirm it by 
obtaining it directly from Tj(“.g(mdre’s hhpiation 


(1 _ _ 2x + m(m + l)s 

V. (1) Art. 75. 

Tjet IIS (liftercnitiatc^ (1) with respe(*,t to x a few times representing 

.ri., >/»-. 

weget 


:0 


( 1 ) 


(1 - .r-) 


(/'iv 

(/x^ 




(Lr 

(hJ^ 


+ Cv//(///. + i)~-2y=(), 


U. + 1) ^ 2 (1. + 2)];.'^ = 0, 


(ly'' 

dx^ 


LAsV 


dx 

d::Z^' 

dx 


+ [a,.(/a+l)-b>(l,+2 + ;i)> 


= 0, 


(I - 

and in g(meral 

_ ^a) — 2{n + 1 ').r + [ni (m + 1 ) - 2 ( 1 + 2 + 8 H \- = 0 


or (1 — x'^) — 2( // + 1)wr - + 1 ) — n(^n + 1)],^^"^ = 0 . (2) 

Following the a.nalogy of th(*«e steps it is easy to write eciuations that will 
diffennitiati' into (1). 

( 1 — r“) + m(iii- 4- 1 )si = 0 

will ditferentiatt^ intt^ (1), 

o 1) ~2.1]sa = 0 

if difftn’entiat(»d twie.i* will give, (1), 

(1 ™.,.4'J^4.2.2.r'Jj + [,«(«/H-l)-2(l +2)3^, = 0 

if differentiat'd three tiiin's will give (1), and in gt'iieral 

(1 — j'4 'Zjl 4- 2(// — l)a- 4- [w(w 4- 1 ) “ ~ 03 «n=^ 

if differentiat'd n times with reHiH‘('t to x will giv(' (1). 

If w = m 4* 1 (d) n'lluees to 

a *•„, i, 1 I i% 
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[A 


and the (m + 1.)st derivative with n'rtpeet to .i- of a,ny lim<’tion of x 
satishes (4) will be a solntion ol (1). pi ) eau be written 

(I _yy^;' + 2, 


and ean be readily solved by seiKiratiug the variables and integrating. 
Cal. (1) page 314. It gives 


Heuc.0 


T/.7'" <U"‘ 


is a solution of Legendre’s Kguation (I) and agrees with the valu«> (d’ 
obtained in Art. Hd. 


85. Tlie equations obtained in Art. 81 are so curious and .so siniply 
tliat it is wortli wliile to e.onsider them a little mori' fully. 

We have seen that 

(liffeA-eutiates into 

that if we differontiati^ (li) w tinu^H wt‘ gt*t Lt'Ktnulrn'H Kquaiitin 

(1 - •'•■'') 'I "a ~ 'l/l + +• * """ 

that if we differentiate (2) 2m tinn‘H w<» get 


that if we differentiate (2) m n thmm we havn 

(1 — rr*'^) ^^0^’ ■““ 1)*^’ 4" 5 ) i)]^ » 

and that if we differentiate (2) w 4“ n tijnen we havt^ 
fPx th 

(1 — — 2(ji 4- l)a’ 4“ 4 « I) fjyi 4 . 1 1 j- — 0 . 


By the aid of (1) we found in the lant artiele a partieulur Hcdutitn 
namely 

lyn^ 



CllAF. V.] OKNKRAL SOIjUTIONS OF THE DERIVED EQUATIONS. 


163 


If we sul)8titut(‘, in (2) s = «(;r^ — 1)"* following the method illustrated 
fully in. Art. 18, wo get as tlui general solution of (2) 

r. = - 1)'" + , - (7) 

A and beiiiji: arbitrary (U)iistants. 

is (nisily written out [v. forniula (42) page 6. Table of Inte- 
grals. Int. (Ul. Appendix]. If ;r <C 1 it vanishes when i 3 :: = 0. If 1 it 
vanishes when .r = oo. Iftluni ;r < 1 (7) can be written 



and if x > t 




dx 


A{.r^ — IV" + — 1)'" j'~ 


J — 1)“ + 1 

</.r 

—1 )'" + ' 


(«) 




and in tlu^st^ forms iinn<*eessa.ry a.rl)itrary (^mstants art‘ avoided. 
From (7) w(‘ ea.u gth. th(‘ gmu‘ral solntions of Ql), (4), (5), and (b). 



is th(‘ g(‘n(‘r;il solui.ion of {.’>). 


— 1 ) 

is tlu^ geiuM-a,] solnt-ion of (1). 



.a 



J 


1 )" 


is tht^ gtmeral solution of (o). 


// , JL r /yi _ 1 yn r 'IL "1 


fIjAH ♦ n 



( 10 ) 


( 11 ) 


(llM 


(16; 


is tlie gcmeral solution of (C»). 

In t^aeh of tlu‘Ht' ftnauH A and /f are arbitrary (‘.onstants and tlu^ integral is 
to bc^ taken from 0 to x if x < 1 and from x to oo if .r > 1, 

Of eotu’H(‘ (lb) must be identieal with the forms already obtained in Arts, lb 
and IS as gnmeral sedations (d’ Legtmdre's Kipiatiou. 

K(piation (4) is so simph^ that it ('an be solvtsl directly, and we get its 
solution in tlu^ form 

wlnc.h luust. he eijiiiviileiit hi (11), 


( 14 ) 
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Comparing (14) with (7),th(^ solution of (2), wo sot‘ that ovtUT solutioi 
can be obtained from a solution of (2) by divicling th(‘ latter by - 
in other words that if we. writi‘ (2) 


(1 — V ^ + 2(n/ — I )x 4 2 //or 0 , 

//./•* UJ’ 


and (4) as 




— 1)"^; and the substituticm c»f this vahu' in (2) will give ( 


the substitution of 


' (.r^ — 1 )'- 


in (4) will give (2l. 


We have, then, two \vays of obtaining (4) from {2i; wo may (litToronti 
2m times with respect to .r, or we may r(‘pla<M‘ .r in (2) by — I p'L 
If we use the lirst nud.hod W(‘ huvt‘ m‘on that Logondro's Ktjuatioi 
midway between (2) and (4). That is if w<* ditToront into (2) /// times 
(d) and if we then difTenmtiatc* (d) m tiim\s wo got ( h. I,ot ns scs' 
half-way ecpatiou ill our se<'-ond pruct'ss is Logtunln^'H l*Ic|uation, 






I) . 


Bo that if in (2) we re[)laee ^ hy I )| ami thon roptmt iho t/p 

on the resulting e/piation W(* slmll g<‘t (4 1. Making tho first snhstitut 
find, 


(I ..y. I ^ ..... 


not Legendre’s Equation lait a soim^what mort* gonoml form. <H‘ ooi 
solution is 


i,f f n: (• 


(2) and (4) art* Himeial foriiiH nf (fi) and (lii. Let, tw try tin- <‘XiiiTiii 
sukstitnting in (/)) /(I - and in (C.) ,t . ■' »• WV tin 

both substitutions givo tho. same <.(|iiati<iu 


. Wo fin 


(1 - - kr ^ + 1 ) 
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The solution of (17) can ho obtained from either (12) or (13) and is 

1 ) . — 1)"‘ , , d’"-" r r 

y = 77z:7o: 1 ~ ^ 


a- 


wlii(*-h of (*,ours(^ must lx*, (‘(juivalent. 




<S(). hi addition to tlu^ valuo of l\,^(ir) given in (1) Art. 8,S tliere is another 
important (Uvriva.tivc form vvliich we shall }>ro(*,eed to obtain. It is 


/ mC'OH 6) = P"‘ l- \D”' . 


( 1 ) 


We have seem iti Art. 75 that * 


' — ‘-i ~ r.oH e + 


— can ho developed into 


a eonvm-geiit sfu-ies if Pi < /• and that the (w. 4-l)st term of that series is 
- ' - • Let US obtain this tiuau by Taylor’s Theorem. 

1 1 1 _ 1 

/la ‘L-.,-r.,i 

eos o' + -pj 


"■^1- 2 • e(7/» J- ^ 


\/(.p — 4- 2''‘ 

li(‘garding this as a function of (.r — r,) and (hweloping according to powers 
of Cl by ^raylor’s Tluxirtnu W(^ get m the (w + term 

ml ' Lv'x'‘ + //-‘ + „~d ‘ ^ 


Hence 


6^) 


ml 


IK 


0- 


87, Wc* hav(^ now obtaimxl four ditTerent forms for our zonal harmoni(% 
a polynomial in .r, an expn'ssiim involving cosines of multiples of a form 
involving an ordinary ///th d(‘rivativ<» with respect to x, and a form involving 
a partial wth dmavativt^ with n*sp(*ct to x. Wa shall now get a form due 
to Laplaces involving a definite* int(*gral. 




TT 


b (H>8 ^ (a® — 


( 1 ) 


if [\s Int. (3aL page dK], 
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^ — t can Im expre^KH(‘(I in ihn form l>y taking a 




and b — z — 1 aiul lU) luaiLn* what valin^ .r may ha\a* - ran 1 h‘ iakt': 
that a-^ will Ixi groat(U‘ than b'i I'lnai by (I ) 


1 


==L r 

Si’bi TtJ 


<14^ 


1 r 


I 




(l-~2xz + z% ttJ I - :(.r 

I A ; 

= — ( [1 + (a* + V 1. f« »s «/> I *; i i r f V a**^ » 1 . t 

+ (,,. .|. y/.,.''' -. I . ..ns </. i'-*.-.'' ( • ■ ■ ),/,/, 

it's istak(^u.s().sniallf.liat, tliii lUDilnliisol' .-.(.r -}■ v'-'”' </)» is less Ih; 

Ly Ai't. 77 is tlit> (sintllciciit. ot'i'"' in tin* (Invi-iopini-iit uf 


(I 


liriKU^ 


TT*^ 


By replacing ^ hy 7r-“-€^ in {2) Wi* gri 

1 


-- - i [\r — ' Va*'^ -- 1 . fits «/» 

1* 

ff 

1 . I 1 


(l- 2 ;r,s; + .T^ji 


('--r+r.)* 


ami if nan! -- • I t»r in c»tlm 


mod z > 1 


1 


1 I \i {lrvfh»j»rd into a rnnvfn’gimt mnii 


• 1 / I \ 

ing powers of and till' cocdllcicnt (if ^ J will hr liui tin 


1 


the coefficient of in the (It'velupincnt of , i neci 


i I ■ « ^ I i b I 

d(‘S(U‘n(ling powers of x, mod x being greiitm* than I. 

If now we l(d a r= x,r — 1 and b — a? - I , f/' ■ w. I ■« 2r i 
z may he taken so giaait that — //•^> <b Thvn by 1 1 } 


1 1 » 

^ 277 + 1 ^ 74 =';/;,;: 


(f<b 


1 ”■ 

if 


1 — X — K ei»H ||> 
i/if* 


a x(,r — -«« K etm €^} 

TT 

h 


I 


*^0 (.r — \/y^ — • 1, ecw 


xij’ « I, cus 

J 


fa* V ’ I, eoH 
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and the coefficient of is 


1 r df 

0 D^’ — — 1. eos 


Hence 


- — 

V [;r — — 1 . cos </>]"^+ 1 

Kepla(*-e <l>hy tt — juid we g(‘t 

,/>,„(.,•) =1 r 


( 4 ) 

0^) 


8<S. In the ])robl(nus in which W(‘. hav(^ aln^.ady nsed Zonal JTarmmiles 
(y. Arts. 7«S -81) W(^ liav(^ Ixuni abh^ to start with the value of the rotential 
Fniudaon at; a,ny point on tln^ axis of A' and it has b(‘eu necessary to dev(dop 
tb(‘. expia^ssion lor Hon that axis in iunans of asiuniding or desceiiding powers 
of :r. If, how(‘V(U‘, we start with tlu‘. va.hu‘. of H in fprins of 0 for some ^nven 
value of r, that is on tlu^. surfaces of sonn^ splunn*., W(^ must devedop the function 
of 6 in terms of r:o)i(tl Jiarofonirs of cos 0 (v. Art. 10), and our ]>robhmi lHH*,omes 
the f<)ll<)vving:*— a ^dviui function of ('os in ttumis of zonal har~ 

monic.s (»f cos B, or to <l(‘velop a fcivum function of x in tm-ius of the functions 
X lyini^^ bctwiam 1 and — 1. 

Th(‘. probhun ia‘S(uubl(‘S clostdy that of dcwelopiufj^ i?i a Fourier’s scu’ies, 
which W(^ liav(^ alnnidy considm-tul at such hm^dh. 


L(di f{x) 5= ./„/*„{>) Ji/h(.r) + A.J\{x) + - + * * * (1) 

for all val\U‘S of x fruni - 1 to t and let it be napured to detmunine the 
coeffic.itmts. 

If fy) is Hingl(‘-vahn‘d atnl has only Unite discontimiiti(‘s ladwtHui .r = — 1 
and ;r=; 1 wt* may pnxaM'd as in Art. 11). 

L(‘t us tak(‘ // + I t(*rms of (I ) and attemjd to deLuanim^ the coetlicieTits, 
Taki^ ;/ 4" 1 vabu’S of x at ecjual inbuwuls A.r b(*tw<‘(*n »r = — 1 and .r=l 
so that {ft + 2)A.r 2; y(— 1 + Sx), ,/(— 1 4" 2A.r), f{— 1 4“ 8A.r), • • • 

. 1 4" (// 4“ ^ )A.rJ will lu^ the corr(‘Spoudiug values of J\x), Hubstitute 
th(‘H(^ vahnss in (1) and W(‘ havt* 

/(~ 1 4'-' A.r) .1,,/ o(“^ 1 4" A.r) 4" ^ 4" A.r ) ^ 


4"” . 1 + Ar) 4- • • • 4- A 1 + A.r) 


I ^ 2A.r} = 1 4“ 2A»r) 4" 1 4“ 2A.r) 

4 “ i 4 - -A.r) 4 - ••• 4 - 1 4 “ 2 A.r) 

y'('l — ^ A^pyl -- A.r) 4* ”” Av*) 4“ A.r) 4 




4“ — Ao!), J 


that is, n 4” 1 ecpiationH from whi(di in theory the n 4“ 1 c(>efficients 
A(), -It, can be dettU’miiUMl. 
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Following tho analogy of Art. 21 lot- ns multiply tho first (‘(piat 
1 + A;r).A:r, tho MO(*on(l by /*,,,{ - 1 4* 2A.r LA.r . tin* th 
I .-|-.;^A.r).A;r, cV.., a-nd add tin* oquations, *Vhv first mmulun* 
resulting equation is 


2./'(- 1 + /.-A.'- )/•„,(-“ 1 -t- /. A-rl.A./- , 


and the coefludcvnt of anv A as A^ in tin' sorcmd iiHunlMU’ is 


1 -Vh-Xnl’,\ - I } /•A.ct.A.r. 


If now indefiuittdy inensised {IV) iippro;M*h**H as its liiuiiitig value 




and (4) ap|)rotudie8 




We have tiow to find the value of the integml (0l or as we Hhul 
it for the sake of greater eouvtuucmee 


« 1 

./ m , > 1 .»/ ,/r" 


by (1) Art. K.'b 


l)m )j, r,/-(.ra_ !)».(/. t, ,.3 

J itx" rfa;* ,iy« 


1 ,.9 ,/- ] 


by mtt'f/rafmi h/ jmrt^. 
Now if * = X(,v^ — 1)* 


;~ = 2r«AX;r=-l)->4.(.r>>-l)Oy«,,y3.... , • r-j„,,.V j- ,.,.3 • ^ 1, '' 


Heiiw, the, /Ah derivative with ri>8(M*et to ,r of atiy lutieiinn of .r cou 
— 1)" iU! a fiuitor will eontiiin 1 )» »■ us a (aelor it /. < «. 
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r/"- — 1> 

rfu'"-' 

and wlnni x = — 1 , ko that (1) rcsdnces to 


, „ , . then, contains (x^ — 1) as a factor and is zero when x = 1 


— 1)"‘ — I)” — 1)" 


f- 


(lx 

It follows that 
1 


dx^ 




dxf 


dx. 


dx = (-iy _ d^-p(x^-iy 

-a — > 

_ / - N .. — !)"■ <^"+ "(x*' - 1)” , 

(3) 


If ui- < n we get from (3) 


f- 


v/"'(.r“— 1)™ — 1 )" 


</x™ 






snice^ 

1 1' 7// > 71. 

1 




J (/x’« h; f/x'"-- </*»■ ^ 

... 1 _ 1 

If, then, f7i> is not ecjual to n 

t 

f = 9. (4) 

1 1 

I 

If i/i — n wf^ have to find 

~ 1 

A,> . xn.i, 1 I)” d%r^ — l)”‘ , 

j [J ».(•'•)] !)-J 


f/;r“ 


by (3), 


r'V- T . ^S£’ -jr ,,, _ - ir. 

J (hf^ dx^ ^ J dx^** ^ 

i 

»= (— l)’-(2«)! |"(x»— \)”dx. 
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[Aht. ao. 


1 1 • 

J* — i)”‘dx =j' (x — lyx^, + ly^dx — - jJ (“^ — 1)"— '(^ + ly+'dx 


'' ^ (m + 1) (m + a) • • • ^ 


22m+l,„I 


~ ^ (w, + 1) (w. + -')••• + 1 ) 


Hence J' [P„(x)J‘dx 


J (— 1 )"'(2w) ! (— 1 


y2m h I 


(m + 1 )(w + -)*’* + 1) 


or 




i/// + 1 




90. The solution of the prohh'iu in Art. 8H is now readily obtained, and 
we have 

/(x) = + A, ‘ • 0 ) 

tu tfi' " 4 ^ 1 / * 

where y<„.= — ^ -“ -!/(•'•) , (2) 

Jll 

The function and th(^ series ar(‘. (‘({ua.l for all valuers of .r from — I to 
x = lf and /(a;) is subject to no conditions save those whitdi would (uiabh^ us 
to develop it in a Fourier’s Scudes. [v. (]lia[>ter III.] 

Of course (1) can bo writtem 

/(cos 6) = AoPo(v>oh + Ai /\(coH + .1.^ /^j(cos (9) 4 


2m 4- 1 

where A^^^ = — j /(<*<>« ^)r/((*oH 

or if /(cos = F(fi) 

Jf(0') = Ao Po(c(m 0) 4- Ai /h(coH 6>) 4“ ^*s(ooh 6^) 4 - - * • (3) 

where ^ B) siii BAB (4) 

0 

and the develoi)ment liolds ^ood from i9 = 0 to = tt. 

If /(r.) is an even finiction, tluit is, if /(— .r) -."^/(.r) (I ) and (2) (*un b(‘ 
somewhat simplified. For in that c.ase it c.an be cMisily shown (v. Art. 77) that 


jf(x)I\ (x),Ix = 2 p-(a-) l\, lx , 
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and that j(x)dx == 0 ; 

1 1 

Ko that if /( — x) =/(x) 

/(;,.) = l>^^(,r) + A, /^.(.T) + AA(^) + AJ^o(^) + • • • (5) 

1 

whoro (4/>:H- 1) (6) 

0 

If y‘(.r) is an odd fiUKd.ion, that is, if /(■— x) = —/(^x). it can be shown in 
like luaiiiHu* tluit 

,m-^AxT\(x) + A,r,(x) + AJ\(,d) + A,I\(;x) + • • - (7) 

1 

whou'O 1 1== (4/.- + .‘0 !!/'(•'■) (8) 

0 

If it is only n<*(*.(\ssn.ry tliat the dcwcdopment should hold for 0 < 1 any 

fune-tion may b(^ (*xpr(‘SH(‘d in form (5) or (7) at pleasure. 

1 

91. W(^ (*a.u (‘stablish th(‘. facd. that == 0 by a more gen- 

.* 1 

eral imdhod tluui that ustal in Art. 89. 

Let -V,,^ be any solution of Legtmdri^’s Kcpiation 

£ 1^ ( I - ./J) J + 4- 1)« = 0 [v. (1) Art. 1()]. 

which with its first chunvative with r(‘sp(H*.t to x is finite, c.ontinuous, and 
slngh‘-valu(‘d for valu(*H of x lad-wcam — 1 and 1, —- I and 1 being intduded. 

s[<' -■■■■) '";] + »(» + 1>.V.=0 (I) 

Multiply (1) by and (2) by and subtract and integrate and we get 

+ 1) - «(« + 1 )]/-v,„a;//x = p\',„ £ [(1 - 

-I 


Then 

anti 
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Integrate by parts, 


[m(m + 1) -»(« + = r.V.(l - ''f- - X.i^l - 

-1 I 

I 

Whence = 0 


unless m-=:n, 

(3) gives at once the important fonmila 

j .V q_- j - __ ,7(-;;-::|."i ] 

from which come as special cases 

> (1 - [/*„(^) - />„(.•) 

I Ti /-A Ti /-A t 


fF^(x)P„(T)dx: 


7n(^m -f- I) fi (ft 4“ ij 


and since jPo(x) = 1 


I 

fF„(x)d. 


(l-F) 


dPjx) 


VI Qn " 4 “ ^ ) 


■unless m = 0. 


KXAMPLKS. 


1. Show that / P^(x)dx^() if m is <iven and in not. zero. 


m — 1 I 

Vs 


3.r>.7, ' • * 


odd. V. Art. 91 (7) and Art. 77 (10). 
2. Show that 


m{tv + 1 } 2.4. d. • • • {Vi 1) 


t 

— () if iv and v an^ both (»Vf*n or both cHitl. 


m + I 


‘ ~ ii)(i/i + « + 1 0 


if m is even and n odd. v. Art. 91 (('.) and Art. 77 (8), (9), anil (10). cl 
Strutt (Lord Rayleigh) Lond. Phil. Trans, 1870, page 579. 


3. Show that 


fiF„(x:)2^dx.: 


‘2m + 1 


V. Art. 89 (5). 
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92. Formula (4) Art. 91 can be obtained directly from Laplace’s Equation 
by the aid of (Ifeen's Thoorenh (v. Peirce’s Newt. Pot. Func. § 48). 

Take the special form of Gr(ien'’s Theorem [(148) § 48 Peirce’s Newt. Pot. 
Func.] 

///(,/VT- r v-* u)dMhjdz =J' ( uj\ V — VD„ u)ds (1) 

where stands for Ai is the partial derivative along the 

external normal, and the le.ft-hand member is the space-integral through the 
si)ace bouiuhul by any (‘,los(‘,d surfacte, and the right-hand memlxn* is the surface 
integral tak(m over tile’s same surhuui. (v. Int. Gal. Chapter XIV.) 

If /"/ and Pare solutions of Laplace’s Equation P== V‘‘^P= 0 and (1) 
reduces to 

J ( IW„ V- VD„ U)ds = 0 . (2) 

Now '/‘"hTyw ar(‘. solutions of Laplace’s Ecpiation if x — cos 0 

(v. Art. 1(>). 

If the unit sphere is takim as the bounding surface and and 

V = (1) and (2) will hold good. 

A = JK{r”'X^) = m/-"- 
(is z= sin 6.(i0(i(f>, 

2rT TT 

and (2) btuionu'S j* f/<^ — v//A’"„jA'’„) sin 0,d0 = 0 

0 u 

TT 

or 27r(n — m) ^ XJ,^X^ sin $j10 = 0 . (3) 

0 

Since a* = (U)S $ , sin $,dB = — dx and (3) n‘duces to 

1 

J.v,„a;</x=()* (4) 

utiless w -= n . 

93. Wc^ (*an now solves completely the problem of Art. 10 which was in 
that, artich^ (‘arried to tlu^ jioint where it was only necessary to dcvelo|) a 
certain function of B in tlu^ form 

J«/*o((‘os(9) + dl/^(cos B) + .Io/^j(cos 

* It should he nottMl that this proof is no more general than that of the last article, for, in 
order that (Jn*en’s 'lln'ortun should apply to this fumdion and its first (hsHvatives must 

be finiti^ c(»ntimumH and Hingle-valutHi within and on the surface of the unit sphere, (v. Peirce, 
Newt. Pot. Func. § 48.) 
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given that 


/(6l)==! I ruin 0 tu 


from {)-■,, to O' - v. 


This iunounts to the saino thing as (lovt‘lo|ting /■'(.i-i into tin- norira 




I to .!• t) 


where tt from -r " - I to .r t) 

and /’(.r) “ 1 from .r- .-d to .r -1. 

By Art. 90 (1) ami (2) 


I /ut.rW.r 


1 

f// I 

and any c(K‘fflci(nit ♦♦ | ^ wi**')*^*'** 


By Art. 91, Kx. 1 




,r sss 0 if m is «'Vi*n 


‘ 1 ) " - , ■ « I .. " I *24 tHUl 

^ Niim + I i J.4Jh ‘ • (/ft ! j 


Hence J,,, s=() if m is i‘V(*n 


: (•“« 1) . ■ if m m udd. 


Then + f r,un 


and M = /•"/•a(eos<t) f /•‘/'af-oH I--- 


for any point within the sphere. 


94. If in a problem on tlie Botentinl Fuiief ton thi' vnltn* of T is g 
every point of asplundctal snrfac'e and law eireiilar sysniiietry ^ ulHiiit a tli 
of that surface*, tlie value, of F at any p«dut in space can tibBiininl. 
We have to solve Laplacadn K(|uuti«»n in tin* form 


n IkV) - 0 


* Ht*e mite I III piige I’i. 
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subject to the conditions 

V=f(ff) -when r=zza 
7’-=0 “ p=oo. 

W(i have f(d) — y(|,/’„(c.()s S) + .■ii/*i((!os ff) + Jo J'jCcos d) -] 

lov//' "4“ 1 z' 

wliere -'^wi = ‘ j /(^)7',„(cos 0) sin v. Avt. 90 (4). 

0 

1 IcMUU^ 

r= Jo + J, (;;) /*,((^os 6) + J, 0“/*.(cm &) + J„ 0)V,(cos d) + • • • (2) 
is rt‘(iiiir(Ml solution for a, point within the s])liere, and 
r= Jo (;) + •'. 0) + J„ (;) Pa(cos ^) + • • • (3) 

is th(^ iHMpiircMl solution for an external point. 


BXAMI^LES. 

1. If on the surface' of a sphere of radius e F ivS constant and equal to a 
show that r=e/ for any point within the sphere and F=^ for any 
(‘xtu^auil poin’t. 

Two (Miuai thin lHunisph(*ri{‘.al sludla of radius e jdat'.ed tog(d-her to form 
a spluu'ieal surface' are* si'pa-rated by a thin non-condue.ting layer. Charges of 
statical electricity a.r(‘ plaeiul on the two hemispheres one of which is then 
found to Ih‘ at pottmtial a and the otlu'r at potential /->. Find the value of the 
pottuitial function at any point. 


rz 






OH 0 ) ■ 


7 1 z* 

'h' 2 7® 


/*8(c,ok 0) 


111 .3 /•* „ 


•] 


for an intcumal pcntit 


f/ ”1“ 


-• ;; + (/' - «) [J "I /*.(<•"« 

/"o(cOH 0) J 


11 1.3 r" 
12' 2.4 


for an (‘xtcrnal point. 
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3. If Fi==/(e.0H^) wluHi and I\ wluni r:..':zh show tl 

a <^r<^h 


where 


<t 


<T<h 


where 




.1 pn. 

* it 

a ' 

t 1 

^ /»’ 

»/ 

*lm + 1 y 

- 

1 

% 

n/.r . 

/• : h 

!U«1 

0 




» 1 ! 

a..”> /."■ 

* !/ 

I'/M -f- 1 
«* 

1 

a \tij 


iHiH (i) 


5. If the value of the poltuitiul ruueiiuu i?4 ^pveii arltil rarily un the ^ 
of a spherical shell but has eireulur Hysiunef ry * ubuiit a tiiameler T ■ 
(V. Exh. 3 anil 4). 

6. Two ct)!H*.(‘utri(’ hollow splH'riea! eoiuluet<U'H are iuHii!ate«l uiul v 
The inner one of radius ti is at |Hiteutiat /^ uud tho <Miter out* <»i nuliui 
potential Find r hu* any ptunt in 

if r<f/. 


Vz 


b a 


(L.i 

^ 1 l\ 

1 


7 ^ /,- :a 

r 7 


if n<Zv^-C.h 


if /*>/». 


7. If F=0 on the biiHe of a lHUuiapht*rf» ami !"■ -^fieiw#) on the 
surface, show that fora point within tin* heiiiinphiu’e 

^ ^ * jfett.H ih 


where 


, , ■■■: lik d'" 3| |/or|/*;^4 , jtaiil.r j" 


V. Art. 


8. If the convex surfuet* of a solitl hemisjilnu’e t»f ratliuH e hi k**pl 
constant temperature unity uml tin* base at the etui^tani itauptuati 
show that aft(‘r tin* ptuauauent stati* ot !euipt*raittroH in nvt up tin* Ituii 
of any internal point is 


3 r 'I I r ,, , ,11 i.;i r 


1 


1 1 1 „■{ e 




• Sit imtiMHi pilKC Vi, 
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9. A s|)horo of radius a and with l)laok(3iied surface is exposed to the direct 
rays of tlui sun in air at the temperature zero. Find the stationary tenqxmiture 
of any internal point. 

Hay (jest ion : I>^‘a> + — A//*(^) = 0 when r == a.. 

r"* ^ 

Let and /W=2 V,„(cose). 

Then W(^ hiiv<) 

X>"‘ ^ 6) - ;^7?„./'„(eos 6)=0, 

■wlumoo = ■ 

on 

A + - 
a 

Hero /((9) = o()s<? if and f{6) = () if J<(9<7r. 

^ Jj 

f(e) = ^ 6) +-jj. 6) — — /'^(oos (9) H 




_ (4A: + 1)(2*)! 

(■U- + 4)(2^ — 


/V(«os &) + ■■■ 


V. Art. 91 Fxs. (2) and (3). (*.f. fl. W. Strutt (Lord Rayleigh), Loud. Rhil, 

Trans, vol. 1()9, paj<(^ AST. 


95, I'he formulas of Art. 99 <mable us to di^Vfdop a p^iven fumd.ion of x in 
tcu’ins of Zonal Sarfarr Harmonirs, the d(‘V(dopnumt holding triu^ for values of 
X h(‘tw(‘(*n — 1 an.d -|™ L IL howc'Vtu*, \v(^ (*.au show by outside (‘.omsiderations 
that a givtm fund.ion of x can be (‘Xpressed in Zonal Surfa(a3 HarinonievS, tln^ 
(l(‘V(‘lopnHmt holding trin^ for all valu(‘s of .r, the formulas of Art. 90 will givt* 
tis tlu^ (h‘velopm(‘nt in (pn^stion. 

For (example if n is a j)ositive inti^ger x'^ (»an be exprtsssed in ttunus of Zonal 
Surfa(*.(‘. Harmonies no matt(‘r what the value of x, and no Harmonie, of higluu* 
ordm’ than n will eni(*r. For tin* formulas giving tlu^ valiuvs of /^(.r), 

(V. Art. 77) may Ix'. r(*ganlt*(l as n algebrait*. (xpiations of the first <legr(H^ 
in t(‘rmH of x, ./■*, ./A -^-x^ and I\(x), J\(x)x*' I\, (•*')• 

From tht\scMM|uationH thc^ //-—I (|uantitie‘s .r, can be elimh 

nattab a.nd tlnu’e will ri*sult an expiation of the first degn^e in and I\(xi)^ 
P.,(x)x" whi(‘h will us to ex])ress x*^ in tln^ form 

+ Jil\{x) + A.>P.j,(x) ~f + A„P„{x), 

no matt(*r wdiat the* value* of x, and wt* shall have the same formula when 
— 1 < X < 1 as wlu‘n x > 1 or x <C — 1. 
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Let iis obtain tins (bnalopiiKnit. Ly Art. W |I ) anti ( 2 ) 


vvbevo 


. 2/// + I /' > 

'm = — ' I 


’«/+! I -1) 


‘/M •> •>«! , 


j>'' by(t)i 


Hy uite<it'(iti(tn Inj imHa \vt^ 


c' 1)"‘ ,, 


},. 1 1 I 


ir m *C, n 'f* 1 » 


: 0 if m n . 


Ly hitvAjmtlow hij ptuis wc' readily obtain tin* retlnetitm Idnnnla 


li , I 

I 

J “f“ I )( // — * m 4“ 2o ‘ f" w I 


.r” 'V.r =-- if // ■{'’/// in t'Veii , 

// ’ f« /// “L 1 


= 0 if fi - .4 Hi i.H «»d»i, 

Heuco J = - + 1 >«( « “ 1 K » - LM ■ • • , » «; } 1 I ^ 

m *4“ i ){/^ 4" *L| /I — 4" A I ’ * • < « I M 4'' li 1 

if m < 4 ’ 1 m I’ « i?< even, 

= 0 if fi or if m 4 > in ndd. 


Thendore 




1.3.5 - • • (2« + I) L^" ’ ' ^ ’ 2 

(3« + 1 1(2« -- 1 1 


+ (2« -11) b; e, „(.r) + • • 


the aecoiul ineiiilwr ending with tlu> term - ! . I’U) if « i« even ai 
, 3 « + 1 ^ 


the term — ^ /'i(x) if n w cuhl 
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For convenience of reference we write out a few powers of x» 
xo=i = i\(:x) 

X = I\(x) 

2 1 






** = j| /’h(>) + ‘J W + ^ 


■ 0,2 


+*/>,(.,■) +'-l\(x) 


**= 2 -Il + 7 ? + 2 l 

1 n H 1 .1 1 

= 42?) + k + ;{ri ^ + .2 

= (H + 4<l + 11 + 1 

If a p:iv(‘ti ftiiK^fcion of x can 1 h^ (^xprcsst^d as a fermiiuxtbiti powi'.r seines if can 
be (UwilniKul into a Zonal Harmonic. Stn-ics by the aid of (4). Given tliat 

J\x) ~ It„ + Oi.c + "ax“ + 08.c» -| , 

let /(X) = K + //./’.(.'•) + iy\{^) + + • • • 5 

then picking ont (^and'nlly tlm cntdltciimt of we have 


IL 


ml 


(III + l)(m + 2) 


i.:ir>. • ■ ■ ('Jill — 1 ) 


r, 4.^"'+' 

,('« + ')( M + - ) ( «'■ + 2) (ill + 4) J “I 

+ ■ 2.4.(2,« + 2X2//r+ 5) ^ + J • ^ 


f//> f j.) 

;. The development of — in nscfnl and is easily obtained. 


96. 


dx 


■■ AJ\,(r) + .-l./’iC-r) + --W-r) + 


Tlum x 

by Art. 00 (2); 

/ /'»(=-) 


dP.n(^) 

dx 


dx. 


(1) 

( 2 ) 
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P 


[P„(x) if w + « isovfm 

= if is (h1(L 


(IP (x 

Since Pn{oc) is a,u alg(‘brai(‘. polyiiomia.1 of tla* //th ni .r, 


(Lv 


algebniif'. polynonna.! of tlo' ilogroc in .»•, 'rin'rol'oro in (1) 

tluui 11 ) eol 
tluin n and 


than w; c.onHCMinently i«‘ alg(‘hnii(5 |«ilyn<nai;il in .r of lower 




by Art. 


We get then = 1 iT 

= 0 if /// + // is or m I ; 

dP^ 


dx 


: (2n-l)Pn^,(x) + p/ + 


the second member ending with tin* term if // is <*ven and w 

term ./^)(;r) if n is odd. 

From (3) a number of simph^ formulas an^ readily obtuiiusl, h'or (‘X 


-.'LL”, 'e) ^ .j. , 

ilx (lx 




(2« + l).r = n + (« + 1) 


dx 


dx 


[v. (4) and Artie.le 17 (lU)]. 




<U\ix) 


dx 




[v. (5) and Article 01 (7). 


97. By the aid of the formulas of Art. 96 a ntimk^r of valuable, ti 
ments can be obtained. 

Let us get cos n6 and sin 7i$ n being any positive real. 
z = ooHnO and ;sf = 8inw^ are sohitions of the equaiicmi 
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or if we let a; = cos 0^ of tlie ec[i\ation. 

(i — == <> • 

Let (faP<t(;r) + ff 1 7*i(x) + a^P.i(x) 4 

be the r(‘.qtiire(l (l(vv(^l()})in(nit of cos nO or of sin nO. 

Vt as Otl 

Then 21 "»■ [(» - —)';P - •'• =0 by (1). 

m» 0 

= is a solution of Legoiulre’s Equation (v. Art. 77). Hence 

(I - , 

and (1) bc(u)iu(^s 

rn M 00 

X<>.. + [»=“ - + l)]J“m(*^)] = 0 . ( 2 ) 

m m 0 

PorniulaH (4) and ((>) of Art. DO enable us to throw (2) into the form 


Vimm go 

S'-.' 


2/77 + 1 + 1 


^~] = «- <^> 


(,2) nmst be idtuitic^ally tnu^. Therefore the (u)effie.i(uiit of — must 
ecjual 7 .ero, and W(^ hav(^ 

2 w +5 7/2 — # 7.2 . 

"m + . — y _|_ ^ • “a _ 3 ^a «m- ( > 


If we are dc^.vtdopiiig ('(ys nB 

rt 

1 r 




(‘OH n$ ain^./Z^ 


by Art. 90 (4), 


j |^[Hin (# + 1)^ — — 1 ) 62 ^^ 9 


1 1 -|- (*.OH flTT 


<>» — -:;■ aSIi~» 

't ^ 

= p'os 7/^ COS $ sin 6.(10 

by Art. 90 (4), 

0 

3 1 — {^OH UTT 

((•>) 

— «»-4 
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(4), (5), ami ((>) give xis 


C08 n6 




»>+■■■] 


1 — (‘OH ilTT r,, ,, I - ^ . , /j. 


— ;r-) n 


If n is a -wliole inuubei- 1 +c(»s nir or t — .■os hit will v.-uiish ami the 
will end with the term involving /'„(eos (». For this ease (7) may he rev 


cos n$ ■ 


1 2 . 4 .r).-” 2 « 


'2 d.r).7 .---( 2 a + 1 ) 


1 |/’„(fOS 




. e>,_ 7 V 1" + r aeos <h 4- 


If we are developing nin fi$ 


1 /* 

= - I Bin H$ mn 0ji0 ; 


! sin tiir 




Bin uB {nm i Hin Bjii ^ 


.*1 Hin tiw 


1 HIU tiTT r w t. 

■ o' „y-T |_^ •'<<•08 Oi + r. / ,(<'o8 0} 


«|* p <1 " -j *'{- 


, 1 Hill WTT r, 
‘2* L 


rf r** 


— 1*^1 


If ^ is a whole number sin iiiicl lill the teriiiM nf (!>) vitninli 

those involving f), ^,.,(roH ^fl &e.» whirh hfenii: 

terminate. For this ease it is nei^esBary to c^onumte , iiicle|B»ni!tmth 
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We have 




2n-‘l 




2n — 1 


4 


■ J*[«OH (w,— 1)^ — COS (■«.+ l)^]P„_l(COS 6) de . 


iM — 1 l..‘i.r)."-(2jA — 3 ) 

4 


ITonco 
and 

siu n6 = J. - 1 ) /'„-t(‘«>8 e) 


TT [V. Art. 82 (1)], 


+ (-•” +0 1;:-- ;;;+ /■.«(»» *)+■■■]. (i'>) 


EXAMPI.IOS. 

1. Show that 

= | [i + n (’,)'/'.(co8 0) + 9 (o + 13 ^) + ••] 


wht'iUM' 

1 TT 

Vf — - 


I +; 


- (1)"/ ’.(•'•) + + • • •] 


[v. Art. <)0 (4) and Art. 82]. 
2, Show that 


ctn e = 
•whtMU'.O 


V, 1 ,= ‘ ' ? [■■' + ■ (4)©’'’-« + ' ' + ■] 

[v. Art. 1)0 (4) and Art. 82]. 

3. By int(‘grating the roHult of Kx. 1 and Biiuplifying by the aid of Art. 9(> 
(5), obtain the dcW(dopnn*nt 


.r 


[4 (',)■'■, 
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■whence 



j^Po(«)« 6) — .‘5 /’»(<•<'« 0) — 7 Q I\(mB e) 


4. By integriitinf? the rcmilt of Kx. 2 uml Hiinplifying by the aid o 
(6) obtain 

[i-'’ - '■' 


"“ * = f [I “ ' (4)C)’'’>'"“ « - “ Oi-h )' “> ■ 


whence 
sin 


To make clearer the analogy of (levt*li»{jni(‘nt in Z<m{il Ilarnunue 
development in Fotirier’s Serit‘H we give t)U jnige iKo a eut rt‘prt»Hei 
first seven Sxirfaee Zonal IlarmonicH /*j|(eoH^), /*a(eoH • • •/*^(eoH iS 
are of course sonuuvliat eoniplieatiHl Trigomnnetrii’ etirves r<\Hemhling 
cos^, cos 2^, • • • cos 7^; and on page lK(i, tlie tirst ftnir HueceHsive 
mations to the Zonal Marnionic 8tu’ii*B 


1 + f) - 5 /'.(<•■«« 0 ) + -j * . &) 

[V. (1) Art. 9.S], and 

I [i>o(co8 -a Q‘7\(oo8 $) - 7 ^±y OH e) 

-11 

(V. Ex. 3 Art. 97). 

[i] is equal to 1 from tfssO to and to 0 from ^ ^ = 

[n] is equal to 9 from 6 = 0 to ^ r.= tt. 

The figures on page 18(1 are conHtruett»d on prec’inely the Huitn* pri 
those on pages 63 and 64, with which they slnnild he carefully «»ompa 


98. By applying Ganm^s Thmm*m (B. C). Feirc^e, Nmvt. Fc»t. Func!. 
the special Form of Greenes Thtummi, 

XXX Ai Vds = — 47 r I J I ptixiliiiiz^ 


The curyes (cos ^), y^Fx (cos &)^ . , ,y — F’i (cos 6), (y. page 184.) 
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[1‘eipce, N. P. F. § 40 (149)] to a Fox cut from an infinitely thin shell of 
attracting inatt<-r liy a tul)o of force whose end is an element of the surface of 
the shell we readily obtain tin* important result 

47rpK = i>„Fi-i)„r,. (1) 

wliero p is the dcmsity and k the thickness of the shell, the value of the 
potential fune.tion due to the shell at an internal point and its value at an 
e,xt(!rnal point, and wluu-ii J)„ is the partial derivative along the external normal 
to the outcn- surfae(‘. of tlui sliell. 

If we. havti to deal with a surface distribution of matter we have only to 
replace pK in (1) by or where O" is the surface density, whence 

4^cr = .D„V^-J)„r, ( 2 ) 

(v. I’eiiv^e, N; F. F. §§ 45, 4(!, and 47). 

h'oniiulas (1) and (2) eniible us to solve problems in attraction when we 
know the density of tlu^ attrac.ting imiss, and problems in Statical Electricity 
wh(‘n w(‘, know tint distribution of the charge, by methods analogous to that of 
.\rt. 94. 

For (example let us find the value of the potential function due to a thin 
mat(>rial Hpheric.al shell of d(nisity p and radius a. 

Since. 4' must be a solution of Laplace’s Equation and must be finite both 
when r = 0 and r = oo we have 

Fi ='^A^r^P„(<ioa $) 

Vi and Fa muHt approach the same limiting values as r approaches a. Hence 

=sA a’" 

or 

T>n V, =IK V, M„7’„(cor e ) , 

I>n K = V. = -X(^ + 1) - ;!4T- ^). 

Tlierefore by (1) 

iirpK fi) 


if K is the. thickness of the shell. 
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Let 


where 

Then 


and 

and 




lUm + I /• , ,, 


)f/.r 


I>.y Art 


47rK(",„ — (-'w -t- 1 ' ' . 


. 47 rK(',,, , ,, IvK 

^”*~(2w +lK' •’ 'J/« I 1 ^ ' 


* ** f- 1 * ■ • * * 


i ! 

f * ^ 5 


1 1 / 


00. We can now get the vuliu' of the Itiufi ion duo to a h 

shell of finite thieknesH, provided that tin deii.'otv eau !»e e\|»ri*Ns»‘d m i 
ttnans of tlie form f ’^’^7^^„(eo.s B\. 

L(‘t rr/be tin*, radius of tlu» outer snrfaee and /• b*' tin* rmlitis uf t| 
surfa(‘.e of tln^ shelL 

1 st. — Let p= $), Then f<»r the Hindi <d i\niiuH ,h and tide 


K, ss.iTrW.f” liv lai 

Jw f I H*” ^ 


and 

Then if r<.h 


j -'^.1 


by I’ll 


Iwr (tt^ «»3, /,! 


if r>^ 


=/'''> “ (2m + 0 ' ■ t/.- m 1 2 , ' ' 


and if 



b<Cr <i a 


. '%/' . t'ii' ^ ‘ ' '''* ’ 

(2m ^1) (/r ^ w (• .'!) ' ' 


P «l 



P* P » #» I 1 jfy » «» » '■! 

2w + { Lt/r III { • * 




u- 



0). 


2d. If P S) till* Hdlutiiiim will cull.’ilNt lit hUJUJi lit I 

the forms given in (1), (2), and (d). 
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EXAMPLES. 

1. If tlie, shell is liomegeneous 

V=‘2Trp((i^ — &■■“) if r<.h, 

r=i,rp(, it 


2. Tt tlio (l(‘UHity IS any ot the distance from tlie centre 

M' 

y = — if it , and T == a constant if t < b , 
r 

X If the (len.sity at iuiy jtoint of a solid sphere is proportional to the S(iuare 
of the distance from a diametral plane 


,, M Ta , , ,,"1 


r > I 


Tf tlu^ density at any j>()int of a solid sphere is proportional to its distance 
from a dia.m(d;ral plant* 

if r'> (t . (-ompart* Kx. 2 Art. 80. 


lOO. Wes havt^ stum in Art. 18 (c) (3) that 


(1 

/ (/ mT 

(1 ,/ j p/ } J 


( 1 ) 


in a rational fnu‘.tion and bce.onu‘.s infinite only for sn = 1, 

0 ^! = — 1, and for the roots of which are real and lie 

betwt‘t*n — I and U as e.an be proved by the aid of the relation 
1 ^ 




z"'m\ 
If ii-“> 1 


fi 


i!.r 


constant t»‘rm. Heiua* if ^•“>•1 


is finite and determinate and contains no 




TTi: 


dx 


J (1 


■w/; 


(ix 




( 2 ) 


for the (‘.onstant fm^tor of 4^i„(*r) has been chosen so that {7 = — 1. 
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ZONAL lIAIiMON'ICN. 


[Art. 100. 


If *^<1 the second inember of (2'l is not niiitc and dotcrminate, md we 
are thrown bach to the form (H, and (’ i-rovos to bn unity. 

(1) gives ua reiulily 


if jr=<l. 

(2) gives ns 


1 I + 

V„(.r) = ;; log 

Q^(x) = — 1 + log I ™ 

1 .1* “4” ^ 

(^(.r) ^ I 

.r .r + I 

(;),(.r) = --l+^.log^^y;_-j 


( 8 ) 

(4) 

(8) 

( 6 ) 


if ]> 1 . 

l^rom Art. 85 (10) it folltfWH that 


'x) = C 




II " 

')-.L 


,h- 


if 


C can be determined and is ec|ual to ^ if < I » and i« equal 

LiD-p^- 1 , 

(2m) I 




m 




(«) 


if < 1, 
and = 

if x^>l. 

(7) and (8) give iis for Q^(x) and Qi{x) the values aln^mty written in (8), 
(4), (5), and (6). 

By the repeated application of tli© formula 


(m + 1) + 1 («) — (2m + + m ^ . (^) 

which may be obtained for the ease where < I from Art. Hi (Hi) and (14), 
and for the case where 1 from Art Hi (9), iiiiy Hiirtn*e Zoniil Ifiirmonie 
of the Second Kind can be obtained from ^©(.r) iincl 4^i(.r) mi given, in (*i), (4), 
(5), and (6). ‘ 
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Analogous formulas for and q^{cic) can be obtained without difficulty 

from Art. 16 (4) and (5). They are 

lO^O — + l)xp^{v) — = 0 (10) 

iiiul p,„+ i(.r) + (2/« + 1) xq,^{x) — p„-i(x) = 0 (11) 

and they hold good for any value of m. 


EXAMPLES. 


1. Confirm the values of and given in Art, 100 (3), (4), (5), and 
(G) by (‘-xpanding tlunn and (‘.omparing them witli Art. 16 (13), (14), and (9). 

2. If the valu(‘. of Fan the surfa(*,e of a cone of revolution can be expressed 
in terms of wholes powc'rs positive or negative of V can bo found for any 
point in spacu^, ef. Art. 81. 


If wlien ^ = a then 

V-V/'a 

^ 1/ a) 

a. If + wliou Oz=a, and r=0 when fi = /3, 


r 


=2;( 




K \rQmO'o» l3)r,Je.on ff) 




.(‘••OH a) Cm(0OH — ./'wC'OH Cm(‘'‘>S «) 


(cos 13) Q Je on (9) ~j _ 

•OS a) J 


4. Find V for points c.orn^sponding to values of 0 between a and /? when 
V (*.an b(^ givcm in terms of whole powers of r for 0 — a and for 0 — f^. 

5. Find by th(^ method of Art. 16 solutions of Lc^.gendre’s Etpiation of the 
form 


./>„(^)=i 


m 4" 1) 


(x.-l) + 


(w. — l)?«(w+ !)(«'• + 2) 


■ 1 )“ 


^ (w. - 2)(//t - l)w.(w + 0(w + 2) (w + -t) , 

= 1 - sfe+i) (.+!)+ + 1). 


^ (»i - 2)(m. - l)m(m + p(m + 2)(m + S) ^ ^ ^ 

If m. is a whole numlmr, j P„(x) =jP„(x) and _jF„(x) = (— l)”‘P„(x) . No 
matter what the value of m, iP„(x) is absolutely convergent for — l<x < 3, 
and _iPm(ir) is absolutely convergent for — 2 < x < 1 . 
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6. By the aid of (7) Art. Id nhow that 


^'■= «»» (" 1"K 0), \ r - .sin (« !(,« 


V= ^ - cos (h 1<)j( /•)/.-„(c()s 0) , 
y/- 




1 "K /•.)/,(<•< 
\ r 


are solutit )U h of La|)la(*('’s ICcjuaiiou 


I 


^ />*(sin 0 =-,(». 


*«(^) —p-i+niOd =» 1 H — 


'p i 


i: 


0^4 ( 

Ml"- 


and 


«'H (i!) >P 
^«(*) “ .r 4 - -j. — 


/.'US 




4 - 


(:nr-M (!;r 


k„(^) and i„(x) arc coJivcrKcnt if y‘<U l.ut arc .livcr^cnl if j--' ^ 
7. Show by the aid of I'lxaiiipli* r> that 


1 . 


;^ 8 in («loKr)A'„(fos(S»), 


■^wm(ttlogr)A;(cos«), 


1 . 

I Niti (M lo»tr)A*(- 

V,. 


I 


I'rmy ,.„s (H hi«/>;A*„(- 

Vr 


are solutions of rlJ*(rF) + ^ ^ Mmu 0 I>,V^ „ 


MS4. /L 


i)' 

j) 


(a--!)* 
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and 


A'„(— x) = _iP_i + „i(x) = 1 



(x + 1) 



K„(c.ob6) is convergent except for ^ = 7r, and /!„(— cos^) is convergent 
exc.( 4 )t for ^ = 0. 

sometimes called C(mal llarinonies. 
Tlu‘y ar(i particular valiuvs of which satisfy Legendre’s Equation written in 
the form 






• Sx 


<lz 

dx 




For an elaborate treatment of them see E. VV. Hobson on A Class of Spherical 
Harmonics of Complex Dc^gree.” Trans. Camb. Thil. Soc., Vol. XIV. 

8. If V=f{r) when 6 — ^, 

(Xi f» 

0 

9. If F=/(r) when <9 = jS and r<,a, and F=() when r=a, 

— « 0 

10. Tf F = /(r) when ^ = /3 and a<.T<h, and F=0 when r = « 
and when 

r ="v° i sin r l<>g«) ~| 

-^‘'"'A'„.'(cos/ 3) L loi^-loga J 

mmi I 


where 


m 




niTT 


log i) — log a 


and 


Tog^ 



I'J-* 




11. If COS ^ must Ih‘ ruplatTil Itv (— in fxampl(‘H 8 

12. If r=f(^r) wlum O' fi, ami V f» ^vlnni ti y. 


W 0t‘ 

Tr_ 1 ^ r A ,. />■«('•"« <^|/„(<'|'S y t — /.•.,(<•»>. yi/.ici,-. (|/| 

ttN/;! J ^ A- 4 .’.m/i)/ 4 ....s y) ~ y, ,s //, 


it li<6<y. 


1,‘j, If V= f\r) \vli(*n e - /i and </•</.. l o ^vli.-ii 0 
<i<Ci-<Cf), iuul r~(f will'll /• : II and wlii'it ;■ 4, 


W» 00 

, /^)4« y) y |/„3 jt-ffS /li ' 4 «««. j^, 


where 


lug/, lug a 


j ... » * . mTfT 

- luiij-h^i V , j 'Vi'"") HU. „ j ~ ;; ,/.r j 


lifg A fug ft 


if /3<^<y aiul (iKrdit. 


14. If r=/(r) will'll 6/ -/i »"•! >t<r<fi, and /' wlii' 

and J)^ F 4" h F= o wlum /* . A , 


w t * » 




and <*,„ ia a root of tint oiiiiution 


a Olt.'l liij; -}. /,/, Hiij ^,1 ],,JJ (J 
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101. Wluni WO av(i doaliiiK with ])vol)loms in finding the potential function 
diuf to forooH which have not c.ircuhir syimnotiy* about an axis and are using 
Spliorical (Joordinatos, wo liavo to solve Laphuio’s E(piation in the form 


,/>;(, ,') + .^.L^ ^ y>^ vy + 0 (1) 

[v. (XI n) Art 1]. 

To a partunilar Kolution of (1) wo shall assume as usual that V is a 
produe.t of fiuictioHs (^acli of \v]ii(‘h involves but a single variable. 

L(*t r= /t(H).<h; wluH'e. Ji involves r only, © involves $ only, and O 4> only. 
Substitute in (1) and W(^ g(‘t 

^/(sin ^ 

il ^4-. ^ 4 . ^ = 0 r^) 

Jt (H)“sin e (To ^ sin‘^ 0 d<l>'^ ^ 


or 


r sii T-^ $ , 

__ 4. 



1 ^ 

<P 


As the first nuuuber do(\s not eontain <l> the second meinber cannot contain 
and as it contains no otli(*r vuriabh^ it must bo constant; call it hhpia- 
tion (2) is tluui cM|uiva.h*nt to tlu‘ two (‘(juations 


and 




+ n'^p — 0 


r,P(rK) I “S 

It tb'^ W Hill S iW 


sin'-* 6 


0 


GO 

(4) 


(3) has b(‘en solved ladon* and giv(*s us 

# =s: A C.OS + B sin (5) 

[V. Art 

Tlu^ first t(‘rni of (4) docs not involve 6 and the second and third terms do 
not involve r. 


* St‘«* noti*, page 1‘2. 
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[Akt. 101. 


L^-LL^l juust, thon, b(! a const lint; wc shall call it as iu Art 

.11 dr 

13(e). Then (4) breakn up into 


d\r/*) I i\/> 

f/r 


and 


{' 


d\ sin 0 


di^^f 

d(L 


mim + 1 ) — ~:r;. 


m\ 0 d0 

(()) was solved iu Art. ld(r) and i^ives 

/i* i ■’ J|r”’ f- 

If iu (7) we replaet^ eon 0 hy jjl we get 


H — 0 , 


dji 

tJie equivahuit of 


unm 4’ 1 ) V'“" ’i 

1 fid ^ 


W X 33 i) ^ 






m{ m 4 '* 1 ) ‘ 


I 


( 6 ) 

( 7 ) 

( 8 ) 

(‘•') 

( 10 ) 


[v. (17) Art. 85]» which was s<4v<Mi in Art. H5 fur tie* euMi* where m find n are 
j)()sitive int(*g(‘rH and n < m 4’ 1* v, (iKf and ( Itti Art. HA. 

From (11)) Art. 85 we g(*t us u particmlar suiutiun <»! |1M 


H = (l 


^ ‘ .In” 


Niu" II 




(H) 


if W(^ restrie.t ourst'lveH to whole positive vului's of m and us we sliail do 
hereafter the* contrary is explieilly stated* and suppime m not less 

than 71, 

A B(‘coud but less useful partieulur Holufioti of is 


W ( I 


, u.h" ''"WiA! ' , 

,in” 


Oonibininf' our romilts wc have as iitt|iiirtuiil jiarticnlac .iiiliiliuns nf (J) 

V = (.(IS /«/i f- It sin sin" 1) * , 

dfA^ 


and 


4(1 ('••1 '■"« sin h4,) sin* 0 > 

c .in" 


(I'-'l 

(l.'l) 


where m and n are positive intcfft-rs and n < m -f- 1, 
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(ui) (l^P /'lA 

102. 0 QY (1 — ^ function of fi, that is 

of cos $, and we shall roprescnit it hy and shall call it an associated 

function of the wth ord(^r and wth degree. It is a value of © satisfying 
equation (9) Art 101, 

By diff( 4 ‘(‘ntia,ting the vahu'. of given in (9) Art. 74 we get the formula 


Pnr(/^) = 


(2//0 1 ^ 
Om j j J 



(in — ii) (in 
2. (2m" 




2 


(in — u) (in — u — 1 ) (in — u — 2) (m-— -w. — 3) 
‘"Ii4.c2«7=-i)(2«'i^";{) 


■](i) 


the expression in the ])a.r(‘nth(‘.sis ending with the term involving /A if m — n is 
even and with tln^ t(‘rni involving /t if m — n is odd. 

Bor <‘,onv(‘ni(*n<H‘ of ndVnme.e we give on the next ])age a table from which 
ean h(‘. ri'adily obtaiiuHl for values of m and n from 1 to 8. 
cos and sin u<^ that is, 


(!<m >i<l> sin" e 


and 


sin n<l> sin” 0 


dfi”- 


are called 'rvKxv.ml Harmonh-x of the mtli degree and nth order, and are 
values of V wliie.h satisfy tlui (-(juation 


+ 1 , r+ - /><,(sin 0 D , n + 0 (2) 

or its equivahnit 

>» {n. + 1) /' + /^[(l - fP) !>, F] + PI V= 0 . (3) 

I ft 

There arc^ obviously 2 in + 1 Tt^nscn’al HarmonicB of the mth degree, naxnely 


'•<>« 4 > «>» 0 -t’lf) , 

. ^dP„,(a) 

sin A sin 9 — 

^ apL 

eoH 24 

^ dlJL^ 

Hin 24 snr $ — 

dfjL^ 

eoH.-t^ sin“6l — 9”^' 

^ dfA 

d^P (ii) 

sin sin» 9 

dpr 

eoH m<f> sin"' & -fff, 

^ dfi”' 


If each of tlu^se is multiplied by a (‘.onstant and their sum taken, this sum 
is (tailed a Surface Spherical Ilanitonlc of the wth d(‘gree, and is a solution of 
equations (2) and (3). We shall I’opresent it by 4) ^)* 


* Mtmt of the KiigllHh wriu^rs nq>reiHUit thm function hy T”(g). 
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n = 1. 
1 


llfi i 


'-(V-i) 




if* 

H 

H 


^21^4 14^2 -f IJ 

+ iV) 


I or 


RV 

Y(v-i> 

" (•!m” ■ ■ m) 

-"■■ I I) 


lor,^ 


jo;» 


H.* 


10 


(421)m'> 40.V + lOV - "») 


0.*l 




10 


(715^4' ~ 1001/* -H OH.V 


;n:> , 


‘V) "j’j ■ HO, A 1 ao«-^ ■ I) 


ni. 

H 

n-jfi 

H 


HI/ 
(HO/ ■ ■ 
‘(00/ ^ 


<^) and </>) anM'allnd X/Zr/'/,/ ilarmmi 

mtli d(^gnH>, and an* snlotinus id' Luplavn'.s Kqnatiun |l I Art. KU. 

To fonmilatt*:-— 


n m it* it* 

y,u(/^> 4>) ^ '" </u« 

n (I 

n * m 

or m(M)+^['4„'-<W«.^/‘,;((U) }- /*‘„f.il) /l<^/*^(/*) 


in a Surfaces H|)h(*ricul Iliirnianif of tin* wilt doKn*i*. 

A Tc^sHoml Hanuoni(*. in a H|H*nial «if a Snrfiiri» H|ilit*rinal Harm 
a Zonal Hannonin a npocial <‘am» of a TpihhituI Hariiionir; 1 

ToHHoral Irarmonio of tho zorotli cn*dor and tho aiili tlogri'o; it i 
written r,li(/c)* 

RXAMRLKS, 

1 . Sliow that 

(1 - .r“) - 2.r 'J'. -i- |^w(,H -f- I ) - j £™, J s 0 

reduces to 

(^- + t )^* + [l/lf W 4* I ) — «l « 4'^’ I I )// — 


if we substitute (^1 for even wliiui m and a are nnrei4triet.e( 
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CSC« 0 P ”(^) — “™x:n * 




n = 4. 

n = 5. 

n = 6. 

n = 7. 

n = 8. 
















inf) 





1)4*V 

945 




-(Um-— 1) 

IOUDDm 

10306 



• — (IV-tM) 

U!d^L* “f" 1) 

H 

/.„ ., ,v 

•^-(l,v-l) 
'"i:tr.i:tr.~., /■ 

i:10i:!6/i 

136136 


— (ir>;*2 - 1) 

2027026/^ 

2027025 


2. Show that if in th(^ HCiooud (M|nation of Ex. 1 wo let we get 

wlu^no.e z = /CC^) sBul = 7 ,;(.r) im.\ solntiouB of the first equation of Ex. 1, 
no niattcn’ what the valu(‘H of m and //, if 

K0 = (1 - ,<); [i - 

(ill — /i) (III — n — 2) ( III + II- + 1) Cm 4- w 4- . ”1 

-f. . . - a: j 

!UI <1 

= (1 _ ,•>: [, - - " T 'Hi+ » + 2 ) ^ 

. fw -- H — t)(w — // — ;t)CM + n + 2)CM -f-?<,-f-4) , ~I 
5! * J • 

If m •— • n iH a j^ositive integer, C)r will terminate with the term 
involving ,r"»“ mnl in that eane 

. - /l _ ..aNa Vj-m -n _ ('« - "K"' - » -J} 

(w. — n){m- — /i — r)(>/i N — 2)(m — n — 3) “1 

■*■" " 2.4.(2/rt — l)(2w — 3) J’ 
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[Akt. 103 . 


the parenthesis ending with a term involving .1 if /« — « jg nveu und j- i{ 
m — n is. odd, is a solution of the drst r.iniitioii of Ex. 1. If m and n are 

integers tliis value oC z m * 

103. Wo have soon in the hist cluiptiu* that in many jirtilthntiH it in import- 
ant to be able to exprt'ss <i givtm nt i-m,h that in of /i. in itanns of 

Zonal Haniionies oi* yU. So it in (»f!ou clr.*.irabh* tu it givmt luuotiou of 

jjb and </> in terms oT l\*sseral llartuouioH t>l /a auil tp. 

If, for example, we are trying t(» lisut ilio lUtnihi! Fumiiim tlm^ tt» (‘ortaiu 
forces and have tbe value (vf the fuiuliou givrn ii»r lamio givan valui' of r, 
that is, on the surfa(‘.e of some given Hpluna* whnne ca^itre in at the erigiu of 
coordinates, of course the givim value will he ii fiiiietiiiii nf I? lunl ami if wo 
can express it in terms of Spluu'ii'ul ItariiiuuieH of II mid ^ wi^ have only to 
multiply each term by the proper power oi r to g*’t thi' rmiuireiLHolutiou of 
the problem. For wt‘. shall then have u value of f miti?»t''yiiig Lapluee's 
Equation and reducing to the givam ftinelioii ol # iiiitl 4 on the mirfiiee t»f the 
given sphere. 

104. Suppose that w(^ havc» a fmudion of /a ami 4 given for all points on 
the unit sphere, that is, h>r all valuer of ^ frmn — | fi» | iiml fi»r all values of 
<^> from 0 to 27 r, fi and ^ btdug imlepemleiit viiriiihlen, anil tliafc we wish to 
express it in terms of Surfaet* Spherieal Itariuonirs. 

Assume that 

M « 00 M «i» »» 

/(M; <I>) = S[ (m) -'M) + Km «iH ] • 1 1 ) 

mw() M—l 

Let US consider tirst a finite eiiHis ami iittenipi to ih^lerniine the euetlleieiitH 
so that 

m sa 7) » m 

/(h <l>) 4- K.m N”* »i>f’ZiP}^ (-) 

maO n^\ 

shall hold good at as many poiutH of the sphen^ 104 piw^fiitile. llu* e^eprension 
in brackets in the simoud member of |1*| is a Hiirfiiei* ^pherimd Ifariiit»nie of 
fche wth degree and eontaiuH *2m 4* I eiuiHtant eoid!leieiit*4, The whide numher 
of coefficients to bo di^termined in then the Hum id" iiii Arithnietieal t* rogr«‘Hsion 

of Ji + l terms tlio drst term of which is 1 uiid the last is '.'/* •} 1. niid is 
therefore equal to (p + 1 )“. 

Let the iiitevval iroiii — 1 to ja™ 1 Is* liividwl into /••f* 'J jtiitiH eaeli ol 
which is A/i so that (p + = 2. itud let tlie interval troiti " t" 

be divided into p + 'J, parts cyudi of which is .Xift so that (/» + - '-'w. 
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Then if wo substituto in (‘(piatiou (2) in turn the values (■— 1 + A/x-, A<^), 

- 1 + 2A/X., A^), * * * [■™~ 1 4" {P + 1)A/Xj A<j[)] ; ( — 1 + A/x-, 2l^<f>)y 

(- 1 + 2A/X, 2A<^), . . . [^ I + (/, + 1 )A^, 2A<#>]; •••[--. 1 + A/t, {p + 1)A<#>], 

j-— \ -|- i>A/x,, (/> + 1 )Ac^), • • ' [— I + (/^ + I)Aya, (p + 1)A^]; since the lirst 

iucthIkh* in (‘luli will b(‘ known wi‘, shall have (/>+ 1)’-^ equations of the 

first (l(^fj:nM‘, pi)ntainin.ic no unknown extu'pt the (/^ + coeilicients, and from 
them th(‘^ eoi'llhutuits (‘an (h‘t(‘nnin(‘(l. When th(\y are substituted in expia- 
tion (2) it will hold ^H)od at tlu‘ points of the unit sphere where + l 

cindes of latitiuh* whost* pla.nt‘S an*, (‘(piidistant intersect + 1 imuidians 
whi(*.h divid(‘. th(‘< (‘(juator into t‘(puil ar(*s. If now is indefinibdy iiuna^ased 
tlu^ limiting va.lu(‘S of th(‘ (‘(xdlieit'nts will b(‘, the eoef!i(‘.ients in ecpiation (1), 
and (1) will hold good all ovtu* tin* surfaces of th(‘ unit sphere. 

To (h‘t(‘rmint‘ any partieula-r (*onstant we multiply (uic.h of our (/; -f- 1)^ 
expiations by Aya A<^ t.inn‘s tin* cotdliehmt of the constant in question in that 
eipiatiou and add tlu^ (Mpiations and then invi‘stigate the limiting form 
a|)proaeh(‘d by th(‘ n‘Hulting (apiation as p is indcdinitxdy increased. 

As p is iiuhdinitxdy inciHuised tlu^ summation in cpiestion will approach an 
intt‘grati<m; and since is the ehmient of surface of the 

unit spheri', and as tlu‘ limits 1 and 1 of p (‘orrespoud to tt and 0 of 0 the 
iuti^gration is a s//r/hfv’ iute(jr<ttion ovm* the snrfacx^ of the unit spliere. 

In detmunining any ctudllcitmt as in (1) the first member of the limiting 
form of our n^sulting i‘(piation will be 

Sff I 

p^</> p’O' <^) ^ 

0 I 

In tlw Hfcond lui'mbcr wi' hIiiiU wtiiH' ucn)SH tcruiH of tho forms 

1 i 

^'siii 4 <'OH /4 ( '4 j cos 4 «>« ”4 

0 * I 0*1 

' * * i 

I'/./, ^'hIu nxf, I'oH /4[ 

U * t *» I 

and other terms all of wldxdi eonn* under tln^ form 

Uff ^ 

p f4 p }',(/*, rjfx, 4)dfj., 

II * t 

whero and uro Surfuw Sphorical Harmonics of different 

(h»greeB, 

If we lire dfdxnanining a c*oid!l(d(*nt tin* only difTt^rence is that sin 
and coa will lie iiibwchangtsl in tin* forms just specified. 



